Journal of Science Research and Reviews

PRINT ISSN: 1595-9074
E-ISSN: 1595-8329
DOI: https://doi.org/10.70882/josrar.2025.v213.89

Homepage: https://josrar.esrgngr.org

-+ JOSRAR *

Original Research Article

Investigating Malaria Spread and Optimal Control Measures with Prompt and Delayed

Treatments

*10paginni, Damilola B., 20kafor, Folakemi M. and 'Durojaye, Mary O.

'Department of Mathematical Sciences, University of Abuja, FCT, Nigeria

2National Mathematical Centre, Abuja, Nigeria

*Corresponding Author’s email: dammyopa@yahoo.com

KEYWORDS

Center manifold analysis,
Dynamic stability,
Intervention strategies,
Malaria,

Mosquito management,
Optimal control,

Timely treatment.

CITATION

Opaginni, D. B., Okafor, F. M., & Durojaye, M.
0. (2025). Investigating Malaria Spread and
Optimal Control Measures with Prompt and
Delayed Treatments. Journal of Science
Research and Reviews, 2(3), 103-110.

ABSTRACT

Malaria, transmitted by Anopheles mosquitoes carrying Plasmodium
parasites, poses a significant health burden, especially in tropical
regions. This study employs a mathematical framework to explore
malaria dynamics, emphasizing system stability and effective
interventions that incorporate immediate (/5 ) and delayed (/)
treatment strategies. Using center manifold analysis, we investigate
stability at the critical threshold Ry=1, identifying a forward
bifurcation (a<0, b>0), indicating that maintaining R, below 1 halts
disease persistence. By applying Pontryagin’s principle and
numerical optimization techniques, we formulate control strategies
integrating rapid treatment, mosquito population management, and
reduction of untreated infections, achieving a controlled
reproduction number of R5=0.1964, compared to an uncontrolled
Ro=2.2356. These findings underscore the efficacy of combined
interventions and provide actionable insights for malaria control in
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resource-limited settings.

INTRODUCTION

Malaria, driven by Plasmodium parasites and transmitted
via Anopheles mosquitoes, remains a critical public health
issue, particularly in sub-Saharan Africa (World Health
Organization, 2023). Mathematical models provide
valuable tools for understanding disease transmission and
crafting effective interventions. This work presents an
SEIIR-SElI model that distinguishes between individuals
receiving prompt treatment and those with delayed care.
Our objectives are to analyze the system’s behavior at the
threshold Ry=1 using advanced stability techniques and to
develop optimized intervention strategies, including rapid
treatment, mosquito population reduction, and
minimizing untreated cases, to reduce transmission. Our
analysis confirms a forward bifurcation at Ry=1, ensuring
disease eradication when Ry<1, and offers practical

This work is licensed under the Creative Commons
Attribution 4.0 International License

intervention strategies for high-transmission, resource-
constrained regions.

In regions like Nigeria, malaria’s burden is exacerbated by
limited healthcare access and environmental conditions
conducive to mosquito proliferation (World Health
Organization, 2023). Effective control demands integrated
approaches targeting both human infections and
mosquito vectors. This study builds on prior research by
focusing on system dynamics and customized intervention
strategies for high-transmission settings (Opaginni &
Durojaye, 2025).

Mathematical frameworks have been widely applied to
study infectious diseases, using methods like spectral
analysis to estimate R, (van den Driessche & Watmough,
2002). Stability analyses differentiate between forward
and backward bifurcations at Ry=1, with backward
bifurcations complicating eradication efforts (Castillo-
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Chavez & Song, 2004; Chitnis, Cushing, & Hyman, 2006).
Insights from similar epidemiological modeling efforts,
such as the survival analysis of TB patients using Weibull
and Log-Logistic Accelerated Failure Time model (AFT)
models (Exploring Accelerated Failure Time Models for
Tuberculosis Survival: Log-Logistic and Weibull Survival
Regression Model,) (Usman, Doguwa, Sadiq &Akor, 2025),
reinforce the importance of selecting model structures
that best capture disease progression variability. Vector
control is critical alongside medical interventions (Isah,
Ibrahim, Isah, & Magaji, 2024). Prompt treatment reduces
severe outcomes, while inconsistent efforts hinder
progress (Challenger et al., 2019; Mousa et al., 2020). In
Nigeria, challenges such as drug resistance and
overtreatment underscore the need for holistic strategies
(Anjorin et al., 2023; Collins & Duffy, 2022). While previous
studies have examined treatment and vaccination (Joshi,
Maity, & Prajapati, 2006; Okosun & Makinde, 2013), few
integrate prompt and delayed treatment with vector
control. This research advances the SEIIR-SElI model to
evaluate stability and optimize interventions (Opaginni &
Durojaye, 2025).

Model Assumptions
The modelrelies on the following premises:
1. Mosquito biting frequency is constant, excluding
seasonal variations.
2. Human-mosquito interactions are uniform.

Parameters and Variables
Table 1: Description of Model Parameters
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3. The model
dynamics.

4. Recovery rates vary between prompt and delayed
treatment groups.

5. Superinfection or reinfection is not considered during
the study period.

omits drug resistance and spatial

Stability Analysis of the Malaria Model

This study refines an SEIIR-SEI model to examine malaria
transmission dynamics, with a focus on equilibrium
stability (Opaginni & Durojaye, 2025). The system is

governed by:
dSh

o ~Qn-0bYSplm*+G3R, -y, Sh, (1)
dEj

i =obWSyln-(k,+81+5,)Ey, (2)
dl

—h =5, E-(p, A +a) g, (3)
di

f =62Eh+a/Eh'(uh+nh+A2)/Lh: (4)
dR

d_th=/\1/Eh+A2/Lh'(uh+nh+63)Rh: (5)
dSy,

0 =y GDYS g, -OOY, Syl Sios (6)
dEm

~=0bYS lg, +obY, Spolyy (M +0m*V ) Ems (7)
dim

; =6mEm'IJm/m (8)
The total populations are:

Nh=Sh+Eh+IEh+ILh+Rh’ (9)
N, =S, +E,*],,. (10)

Parameter Description

oM, Natural mortality rates for humans and mosquitoes.
ap Human recruitment rate.
am Mosquito recruitment rate.
b Probability of human infection from an infectious mosquito bite.
a Rate of transition from prompt to delayed treatment.
c Probability of mosquito infection from biting an infectious human.
o Mosquito biting frequency on humans.
1} Interaction rate between mosquitoes and humans.
Y, Interaction rate for delayed treatment cases.
04 Rate of progression to infectious state with prompt treatment.
dy Rate of progression to infectious state with delayed treatment.
M Recovery rate for prompt treatment cases.
Ay Recovery rate for delayed treatment cases.
O3 Rate of immunity loss, returning to susceptible state.
Om Mosquito progression rate to infectious state.
Y., Loss rate of exposed mosquitoes due to prompt treatment.
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Table 2: Model Variables
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Variables Description
N, Total human population.
N, Total mosquito population.
Sh Susceptible human population.
E, Exposed human population.
Ig, Infected humans receiving prompt treatment.
I, Infected humans receiving delayed treatment.
Ry, Recovered human population.
Sh Susceptible mosquito population.
E, Exposed mosquito population.
[ Infectious mosquito population.

Basic Reproduction Number
The reproduction number R, is determined using a spectral
radius method (van den Driessche & Watmough, 2002):

bUJaham5m (881, +adoy, +610,Wr+E1 Ao+ 81y S0y, Wy +8A1 Yy + 8500y 4, )
Ro=p(A)=

oo F (81 82+ L ) (B +V ) (M +A2 )@+, +A1 +41y)

(11)
Itis decomposed into contributions from prompt (Rg prompt)
and delayed (Ry gelayeq) treatment:

— 2 2
RO_\[Ro,prompt"'RO,delayed’ (1 2)
where
ba\/ahamam(351 Y+d4 (nh+/\z+uh))
RO prompt= (1 3)
’ B[R (81 +824 ) Bm*Y i+l (1 A2+t M@+ np + A1 +4p)
bg\/aham6m(a62¢’1 +82(Np+Aq +Ph))
RO,delayed= (14)

Hony/Hn(01+ 82+ L0 )8 m* Yy HH (M +A2 +u )@ +ny, +A1 +p)
The disease-free equilibrium is stable when Ry<1, and an
endemic equilibrium arises when Ry>1.

Bifurcation Analysis

We apply center manifold analysis to examine system
behavior at Ry=1 (Castillo-Chavez & Song, 2004). The
system is expressed as:

Z_):=F(X)’ X=(Sh’Eh’IEh’ILh’Rh’Sm’Em’Im)T' (15)
The transmission rate is B=bay, where Y =¢+y,,
assuming g=cy,, with c=1. The effective infectivity is:

boy gt/ AnAmOm(51+62)

= 16
O BT 82 ) B ™Yy *H ) (16)
_ |61 (N2 +py) (88148 (0, +A +uy) |04
weﬁ 51 +52 (1 7)
The critical transmission rate at Ry=1 is:
*_ Hp(01+02+Hp)(Om+Y o tH ) (N A2t ) (@4 N +A1 +y)
A Nm\/ AhamOm(81+32) (18)

The Jacobian at the disease-free equilibrium
E,= (“—",o,o,o,o, m ,o,o) with B=B" is:
Hn Hm

105

-, O 0 0 5; 0 0

0 -k O 0 0 0 O

0 & -k3 0 0 0 o0
_ 0 62 a 'k4 0 0 0
B=lo o A Ay ks 0 0

0 0 -BYS, BYSy 0 4, O

0 0 BYS, BySn, 0 0 -k

o0 0 o 0 0o 0 5,
where:

k1 =I”h+61 +62’
Ka=H,*+11,+A1+a,
k4=IJh+th+A2,

k5 =th +63 ’
k7=“m+6m+vm)
Sg =ah/l"h ’
S?n=am/um.
The right and left eigenvectors are:

[ 53vs-BSp i

Hn
B'sh
kq
518°sh
kaks
B'Sh(d2ks+ad1)

V= kqkzkg )

11518"Sp/(k1k3)+A2B" Sp(B2ks+ad1 )/ (k1 k3ka)

ks
B*S%(¢51/(k1 k3)+,(8okz+adq)/(k1kska))
B} -
B S (51/(k1ka)+; (52ks+ad1)/ (k1 k3ka))
k7
B 1 i

-B°Sp]
* a0

O O Oo0oOOoO®™
(%))

(19)



Opaginni et al.,

0

Hm
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Soh/(B"Sh)*aws
k3

= | B y1Shomiks

ka

0

0
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Bifurcation coefficients are:

* 2a0
a=23 /WM vy L S / (22)
m
0
b=tm s 2m5n_ (ot v,). (23)

B HptOmtyn,
Using parameters from (Opaginni & Durojaye, 2025), we

find L,Ueﬁﬁo.818, B*z0.0229, a=-4.797, b>0, confirming a
forward bifurcation at Ry=1.

Forward (Supercritical) Bifurcation Diagram
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Figure 1: Forward Bifurcation at Ry=1

Figure 1 illustrates the infected human population (I;)
against Ry. The green curve (disease-free state) is stable
when Ry<1, the red dashed curve indicates instability when
Ry>1, and the blue curve depicts a stable endemic state for
Ro>1.

Effective Control Strategies
To curb malaria transmission, we propose three dynamic
intervention measures:
1. u4(t): Rapid treatment to shorten infectious periods.
2. U,(t): Mosquito population management to reduce
transmission.
3. us(t): Efforts to address untreated
enhance recovery.

infections to

Control Model

The control model extends Equation (2.1 — 2.8):

dSh

—*=0p-0bYSy/*+O3Rn-H, S, (24)

1.0
Ro

1.2 1.4
dEj
d—:=0b¢3h’m'(“h+51 +5,)En, (25)
di
%=51Eh_(uh+nh+/\1+a+u1)lEh, (26)
dl,
dR
d_th =, /Eh+A2/Lh-(uh+nh+53)Rh+u1 /Eh+u3/Lh’ (28)

dSm

S0 =ay,-0bY (1-U5) Splg, -0bW, (1-U) Sy, Hp Sy (29)

dEp,

—2=0by(1-Ux) Sl +obY, (1-U) Sl (K, +0m*Y ;)
(30)

dim

ar =GmEm'/‘lmlm (31)

Numerical Approach

We constructed a deterministic model for Plasmodium
falciparum transmission, incorporating prompt and
delayed treatment alongside mosquito management.
Optimal interventions were derived using an optimization
principle (Fleming & Rishel, 2012), solved numerically via
an iterative technique. State equations were solved

106



Opaginni et al.,

forward using a high-order numerical method, adjoint
equations backward, and controls updated iteratively
within Osu(t)s1. Simulations were performed in Python
using parameters from Table 1.

Objective Functional

The cost functional is:

Hun stz ug)= 7 [Arle, (O Al (0+Asln(0)+B1 U301+ BouB(0)+Bsu3(0) fet,
(32)

where A;,A5,A; weight the infectious populations, and

B,,B,,B; represent intervention costs. The goal is to

minimize J over [ty,t], with controls in:

U={(us (1), u2(t),us()EL™ (to,t)°|0su;(t)<1}. (33)

Theorem 1 (Existence of Optimal Controls) An optimal

control triple (u7,u,,uy) exists that minimizes J, provided:

1. The system has a non-empty set of solutions.

2. The control set U is convex and closed.

3. The dynamic system is continuous, bounded, and
linear in the controls.

4. The costfunctional’sintegrand is convex with respect
to the controls.

5. The integrand satisfies:

Ailg, +Ayly, +Agl By U3 +Byus+Baub2-

L+l uq |+ glus| + g usl',

for positive constants l4,1,,(3,l,, >1.

Proof. Using Filippov’s Existence Theorem (Fleming &
Rishel, 2012; Lenhart & Workman, 2007):

1. The system has a unique solution due to continuous,
locally Lipschitz right-hand sides and constrained
controls.

2. The control set U
0Au;+(1-A)vi=1.

3. The dynamic equations are continuous, bounded,
and linear in uq,us,Us.

4. The integrand
(Aa;j+(1-A)b;)*-Aa?-(1-A)b?<0.

5. The integrand satisfies the coercivity condition with
[1=Aq1g, +Al;, +Aslm, 1,=B4, [3=B,, [,=Bg3, [=2.

Thus, an optimal control exists.
Optimal Control Characterization
The Hamiltonian is:

H=p, (a,-0bYSyl,+35Rn-, Sp)

+p,(0bYShlm=(b, +51+82)Ep)

Py (51 En-(u,+n, A +atu, )IEh)

+p4(82En+al, (1, *+n, +Ap+us)ly, )

*Pg ek lg, *AalL, (b +ny, +03) R +uy IEh+USILh)

+pg(am-0bY(1-U5)Smlg, -obY, (1-U)Smly, -1, Sm)
+p; (0bY(1-U2)S I, +0bY, (1-Ux) Sl (K * S +V ) Erm )

05 (Ot )

~(Aqlg, +Agly, +Agl By ui+Byu3+B,u3)

is convex and closed, as

is convex, as

(34)
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The adjoint equations are:

b,=p,(obYl,+u, )-p,abdl,, (35)

P,=P, (U, +01+0,)-p364-p 402, (36)

P3=p5(H, N, tA+atuq)-p,a-pg(Ar+uq)+(pg-p,)oby(1-

Up)Sm*Ay, (37)

P =P, (N, Ao+ Uz)-pg (At us)+(pg-p,)oby, (1-Up)Sy, +A,,
(38)

p5=p5(yh+nh+53)-p153, (39)
pe=p6[0b‘-l/(1'U2)IEh+be1(1'U2)ILh+um] (40)
_p7[o'b¢](1-U2)/Eh+o-bw1(1_u2)ILh]’

P;=P; (M *Om*V,,)-PgOms @)
Pg=(P1-P,)obYS,+pghi +A3. (42)
Optimal controls are:

. _ . (Ps'Pg)/Eh
u1(t)—max{0,m|n{1,—231 }}, (43)
o ) bSm(Pe-p7)Wlg, +qlL,)

U (t)=max {O,mln {1 , 25, }} , (44)
oo . (P5-Pg)lLy,

u3(t)—max{0,m|n{1, 2, }} (45)

Controlled Reproduction Number
The controlled reproduction number Rg is evaluated using

a spectral radius approach (van den Driessche &
Watmough, 2002):
5 obySAs,  abysS? ]
}) 0 0 Kati b f
b 0 0 0 o /
FV1=¢) 0 0 0 o /
pouli-u)Si  obY(1-u)Sndy  obY(1-Ux)Sp(aSi+ake) 0 ;
2 K kiks Kqkoks /
0 0 0 0 0
(46)
where:
k1=uh+61+62, (47)
ko=p, *+n, *A+a+u,, (48)
/<3=th+'7h+A2+U3: (49)
Ka=Hpy* O+, (50)

The spectral radius is:

Re= \[a%zu-uz)zahamém(w26$k3+ww161(a61+62k2)+w$6%k2) L 9202 andm

- 2

0 B koksky B2 ks
(51)

RESULTS AND DISCUSSION

The optimal intervention strategy reduced R§ to 0.1964
from an uncontrolled Ry=2.2356, as derived in previous
work (Opaginni & Durojaye, 2025),, demonstrating
effective transmission suppression. Average intervention
intensities are:

u;=0.4107: Prompt treatment.

u,=0.7204: Mosquito control.

u3=0.4297: Reduction of untreated cases.
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Figure 2: Dynamics under uncontrolled (blue) and controlled (red) scenarios over 100 days
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Figure 3: Dynamics under uncontrolled (blue) and controlled (red) scenarios over 100 days
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The controlled scenario reveals:

1. Increased S;,, indicating fewer infections.

2. Lower E,,, showing effective prevention.

3. Reduced /g, and/,, dueto timely treatment and case
management.

4. Higher R, reflecting improved recovery rates.

5. Increased S,,, with lower E, and /,, indicating
disrupted mosquito transmission.

Discussion

The forward bifurcation, with a=-4.797 and b>0, indicates
that keeping Ry below 1 ensures disease eradication. The
integrated strategy of rapid treatment, mosquito
management, and addressing untreated cases reduced R§
to 0.1964, demonstrating robust control over malaria
spread. Prompt treatment is most effective early,
mosquito control sustains long-term impact, and
managing untreated cases significantly reduces infected
populations within 100 days, offering a practical approach
for resource-scarce regions.

CONCLUSION

This study explores malaria transmission dynamics using
an SEIIR-SEI model that differentiates between immediate
and delayed treatment. The forward bifurcation at Ry=1
(a<0, b>0) confirms that maintaining Ry<1 eliminates the
disease. Optimized interventions (u;=0.4107, u,=0.7204,
u3=0.4297) achieved a controlled R§=0.1964, significantly
reducing transmission. These results highlight the
effectiveness of integrated strategies for malaria controlin
high-prevalence regions like Nigeria. Future research
could investigate the effects of drug resistance and spatial
dynamics on transmission.
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