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ABSTRACT

This paper presents an effective conjugate gradient method via
hybridization approach of classical Newton direction and conjugate
gradient search direction, the method scheme satisfies the sufficient
decent condition. Under mild condition, the global convergence
result for the method is established. Preliminary numerical results

for some large-scale benchmark test problems reported in this work,
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demonstrate that,
competitive to some existing methods.

the method is practically effective and

INTRODUCTION

Consider the general form of system of nonlinear
equations:

F(x)=0 (1
Where F: R™ - R" is a nonlinear map which assumed to
be continuously differentiable functions. The system of
nonlinear equations arises in many areas of scientific
computing and engineering applications. A variety of
different iterative methods have been developed for
solving problem (1), for example, Newton's method, quasi-
Newton method, Gauss-Newton Method Abubakar, (2018)
and their variants. However, they are not particularly
suitable for solving large-scale problems, because they
need to solve linear system of equations using Jacobian
matrix or its approximation at each iteration. It is vital to
mention that, the conjugate gradient (CG) methods are
among the popular methods used to solve large-scale
system of nonlinear equations, due to their rapid
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convergence property, simple to implement and low
storage requirement Yu-Hong, (1999) and Zhen-Jun, (2008)
In fact, conjugate gradient method has played a vitalrole in
solving optimization problems.

However, it generates a sequence of iterative points {x;}
from an initial guess x, € R", using the iterative formula in
Can, (2013)

Xp41 = X + agdy, k=012,.. (2)
Where x, is the previous iterative point, x;.,, is the current
iterative point, a;, > 0 is the step-length computed via any
suitable line search technique and d, is the search
direction defined by:

d, = { —F (xy),
(3)

—F () + Brdi-1,
Where F, = F(x;) and By is termed as conjugate gradient
parameter. Conjugate gradient methods differ in their way

if k=0,
if k>1
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of defining the CG update parameter 8, because different
choices of B, give rise to distinct conjugate gradient
methods with quite different computational efficiency and
convergence properties.

Moh'd et al., (2014) presents a Hybrid Broyden-Fletcher-
Goldfab-Shanno (HBFGS) method which used the search
direction of the conjugate gradient methods with quasi-
Newton update where their numerical result provides
strong evidence that the proposed HBFGS method is more
efficient than the ordinary BFGS method. Furthermore,
Mustapha et al. (2014) followed the approach in
Mohammad, (2014) to present a Hybrid BFGS CG method
for solving unconstrained optimization problems; the
method has been presented based on combining search
directions between conjugate gradient method and quasi-
Newton method where the methods have shown some
significant improvement for solving large-scale problems
with less number of iterations and CPU time respectively.
However, Hamed et al. (2019) equally modified the work in
Mohammad et al (2014) and Mustapha et al. (2014) and
presented a new algorithm for convex Nonlinear
Unconstrained optimization problems by proposing the
search direction as defined in Mohammad et al (2014) and
Mustapha et al. (2014). The new search direction is defined
as:

div1 = =MeGr+1 T PreHr+19141 (4)
Where H;,, is the approximation matrix of BFGS updated
matrix and A, is a positive constant. And the parameters 4,
and p,, are respectively defined as:

_ (1+8)Sf gisa 5
k= (5)
YrkI9k+1
and
_ Akyl’{gk+1_tsl’€gk+1
pre = Vi1~ G (6)

5£9k+1
Where t > 0 and the conjugate gradient (CG) parameter is
obtained as:

By = VkPKYE Tk+17 Sk VieTi+ 15k ~ASE Yk Th415Kk 7)

k lIskllZsf vk

Therefore, it is very important to state that, solving BFGS-
CG methods is severally used in unconstrained
optimization problems, they are particularly efficient due
to their rapid Convergence properties, simple to
implement and low storage requirement Waziri, (2015) and
Hamed, (2019). However, they are very scanty in solving
system of nonlinear equations, this is what motivated us to
write this paper. Furthermore, (1) can come from an
unconstrained optimization problem, a saddle point and
equality constrained problem Li, (1999). Let f be a norm
function defined by;

fG) = ZIFE)|I2. (8)
Then the nonlinear equation in problem (1) is equivalent to
the following global optimization problem Waziri, (2015)
and Sun, (2006).
minf(x), xe€R™

9
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We organize the paper as follows. In the next section, we
present the details of our proposed method, convergence
result is presented in section 3. Some numerical results
are reported in section 4. Finally, conclusions are made in
section 5.

MATERIALS AND METHODS

Derivation of the method

In this section, we present new hybrid conjugate gradient
(CG) update parameter [, via two other parameters A,
and p;. This is made possible by combining the search
direction proposed by Hamed et al. (2019), given by:

disr = —AcF (ern) + pificin F (s s, (10)
together with the classical Newton direction given by:
divr = ~JieirF (err) + Aedye. (11)
Where ],;}1 is the inverse Jacobian matrix. Multiplying
equation (10) and (11) by y{ we have;

Vi1 = =AY FOeerr) + piYidicirF (iesn)s
and

Vi dirr = —VilierrF (1) + 4eyic dye.

By conjugacy condition;

(12)

(13)

Yidisr = 0. (14)
And also from weak secant condition, i.e
YiJici1 = Sk- (15)

We assume Ji 1, is symmetric. By applying (14) and (15) in
(12) we obtain:

T
2, = SkFGh+) 16
K T (16)
Also, substituting equations (14) and (15) in (12) we have;
_ AYEF(xesr)
Pl = o TrGaesn) (17)

Recall that the classical CG direction is defined to obtain
an updated version of the conjugate gradient method
associated with new parameter f,, we compare the
standard CG direction;

diy1 = —F(Xp41) + BiSk

with

A1 = —=AeF (Xpes1) + prficia F (Kiean)-
Therefore, form (18) and (19) we have;
~MF (1) + picdicia F (er) = —F (Kgear) + BicSie- (20)
Multiplying (20) by yT we have;

~MeVie Feer) + pdiclicir F ieer) = =i F(r) +

BiYi sk (21)
After some algebraic simplifications, we obtain our
proposed parameter 8 as;

_ PISEF (s )Y F (he1) =iV F (k1)

(18)

(19)

.Bk y[sk (22)
(22) further simplifies to:
By = Pksle(Xlﬁ1)+(1—ﬂk)ygF(Xk+1). (23)

T
Yk Sk
Finally, substituting (16) and (17) in (23), our CG parameter
B becomes:

T
— YeFOktn)
P Yisk
and our search direction is given by:

(24)
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T
diss = —F Crir) + (SR 5, (25)

T
Vi Sk

Remark 1
For our search direction to satisfy the sufficient decent
condition;

Fidy < —c||Fl|?, >0 (26)
we re-define our search direction as follows;
d _ BF( J’I’I;F(xk+1)
ki1 = —OF (Xpy1) + (7 ) s, (27)
Yk Sk

where 6 is a parameterto be determined in such away the
search direction satisfies the decent condition in (26).
Multiplying equation (27) by FkTJr1 gives:

T
Vi F (Xper1)
Fiy1diss = =0||Fa||* + <—T Fiy1k
Vi Sk
T
YieF(Xk41)

< =O1Figa P+ L sy (28)

il [|IFr+11?
< =01 Fia 2 + 2l g,

The second inequality follows from Cauchy-Schwartz
inequality. But m||s;|| < [lyk|] < M]|sk|| (see Lemma 3.2

. 1 1
of [9]),i.e yTs, = m||sk|| = o < p—TITE for M >m > 0.
Inequality (28) implies that:
M||s;|I?

Fipadisr < —9||Zk+1||2 +W”Fk+1”2
< =0l Fisall* + | Feanl? (29)

M 2
< = (0= =) 1Al ”
For the search direction to satisfy (26), we need;
0=c+r, (30)

where c is a positive constant. Without loss of generality,
we select:
f=c+2,
m
Hence, the inequality in (29) becomes;

Fliadiers < = (€ + 2 = 2) || FeaalI? = =c|Fesa I (32)
Which clearly shows that, our conjugate gradient search
direction satisfies the sufficient decent condition in (26).
Furthermore, to compute the step-length a;, we apply the
derivative-free line search procedure proposed by Li and
Fukushima in Li, (1999).

Letw; > 0, w, > 0 and r € (0,1) be constants and let {n;}
be a given positive sequence such that:

(31)

Yk=oMe <N < (33)
O+ ardy) — fxy) < _wlllakF(xk)Hz -
W || di |12 + mief (xi), (34)

where a;, = ' and i, is the smallest non-negative integer
i such that (34) holds with a; replaced by r.
We can describe the algorithm of our method as follows:
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Algorithm 1: (Spectral Hybrid Conjugate Gradient

Algorithm)
tep 1: Givenx, € R", € > 0,dy; = —F(x,), set k = 0.
Step 2: Compute F(xy).
Step 3: If || F(x,)|| < €, then stop, else, go to step 4.

Step 4:
Step 5:
Step 6:
Step 7:

Compute the step-length a; using (34).
Set Xp4q1 = X + agdy.

Compute F(xy41).

Compute y, = F(x41) — F ().

Step 8: Compute A, and p, from (16) and (17).
Step 9: Compute [ using (23).

Step 10: Update d,; using (27).

Step 11: Set k = k + 1 and go back to step 2.

Convergence Analysis

This section is devoted to a study of the global
convergence of our method (SHCGA). To begin with, let us
define the level set:

Q = {x: [IFCI| < [IF (oI} (35)
The following basic assumptions are required in order to
analyze the convergence of our algorithm 1.

Assumptions:

There exists x* € R" such that F(x*) = 0.

F is continuously differentiable in a neighborhood of x*.
The level set ) as defined by (35) is bounded.

CG direction is a good approximation to Newton direction,
i.e

[IF' (1) diers — (diess — Biesi)l| < €|IF Geesn)l], (36)
where ¢ €(0,1) is a small quantity [12], [22] and [24].

The Jacobian of F is bounded and positive definite on N. i.e
there exists positive constants M > m > 0 such that:
||F’(x)|| <M VxeN, and (37)

m||a?|| < dTF'(x)d Vx xeN, deR™. (38)

Lemma 1 Suppose assumption 1 holds. Let {x;} be
generated by the SHCGA algorithm, then

lim [laxdy || = lim [Is,|| = 0, (39)
and

lim | F () 1] = 0 (40)

Proof: From the line search in equation (34) and for all k >
0, we obtain:

2 2 2
Wy |lardi]|” < wi|larFel|” + w,|lagdyl|
< HEll? = 1 Fest | 1? + micl 1Fel 12 (41)
And by summing up the above k inequality, we obtain:
w2 B olladil | < Bl (IF GO = [IF G I[7) +
Yo milIF (x)?
= [IF (x> = IIF (s D> + Zio
< |IF (o) lI? + [1F (xo)| 1> 2o mi

S |IF@)I? + 11F (o) |17 X520 i
< M? + M? =0

77k||F(xi)||2

(42)
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Therefore, from the level set and the fact that {n, } satisfies
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From (53) and (55) we have

(33), then the series YX  ||a,d,||? is convergent, which ]11_{{)10|F(xk)Tdk| =0. (56)
implies that (39) holds. using the same argument as above, From our proposed direction, we have;
with w1||aka||2 on the left hand side, we obtain (40). dir1 = —F(xp41) + BrSk (57)

Lemma 2 Suppose assumption 1 holds. Let the sequence
{x} be generated by the SHCGA algorithm with update
parameter [, then there exists a constant m, > 0 such
that for k>0,

Therefore, by multiplying (57) by F (xx.1)7, we obtain:
F (1) disr = —F (Xps1)"F (Xgeg1) + BicF (Xpes1)" 5k -(58)
IIF (s )1 = =F (Xps1) " dsr + BiF (Xpes1) k- (59)

||dgHee4|| < m, (43) IIF G DI? < 1=F (ger) " digga | + |BicF (X 41) " sl (60)

Proof: From (27) we have [IF (s DI? < |=F (Ke41) " diesa | + 1Bl F(xk+1)T”||Sk||-

1disal] = 1|-0F Crir) + (BEE22) . (44) (61)
YieSk But (53) implies that;

Applying triangular inequality we’ve;

i lldil1? = c|F ()" dyel, (62)

FF (1) Since ||dg|| is bounded and lim |F(x,)"d,| = 0, we have

|ldicsal]| < 101]IF Cer 1| + ykﬂ% skl (45) [l k_m| ()" dye

Wl | k7K Ilim a|ld,||? = 0.Thus,

Yie F Ol -
< |9|||F(~xk+1)|| + yl'z("sk (46) 0 < ClF(xk)Tdkl < ak||dk||2 5 0 (63)
< 161|IF Gares )| +w (47) Then we have;

el Gotlisil F Col1? < 1=F Co)"diel + 1Bl |IF )T 1[Il | = 0. (64)
< |6]]|F (xp41) + W (48) Therefore,
2 lim a,||dg||? = 0. 65

< 161]I1F (x| + Rl (49) arm, il (65)

Inequality (46) follows from Cauchy-Schwartz inequality.

From the level set and (31) we have;
MIIF(xo)l|

The proof is completed.

RESULTS AND DISCUSSION

[l disal] < (C + %) [IF ()| + - (50) Numerical Results

< ||F(x0)|| + M||F(xo)ll (51) In this section, the performance of our method for solving
oM m systems of nonlinear equations compared with NHCG

= (C + ;) |IF (x| = m,. (52) method for symmetric nonlinear equations [1]and NHCGP

Therefore, (52) shows that (43) holds.

We are now going to establish the global convergence of
our method, in order to show that under some suitable
conditions, there exists an accumulation point of
sequence x; which is a solution of problem (1).

Theorem: Suppose assumption 1 holds and that the
sequence { x; } is generated by the SHCGA algorithm. Also,
assume that for all k>0,

IF () T |
lldgl? ' (53)

where c is some positive constant. Then { x,} converges
globally to a solution of problem (1); i.e.,

ay =¢

[18]is reported.

SHCGA stands for our method and both cases, we set the
following:

w; =w, =107% r=0.2.

The codes were written in MATLAB 8.9.0 (R2014a) and run
on a personal computer 2.00GHz CPU processor and 3GB
RAM memory. We stopped the iterations if the total
number of iterations exceeds 1000 or ||F (x;)|| < 10™*. We
tested the three methods using twenty two (22) test
problems with different initial starting points (x,), and
dimensions (n-values). We present here some of the
benchmark test problems with dimensions 1,000,

lim [|F ()| = 0. (54) 10,0000, 20,000, 50,000 and 100,000 respectively used to
Proof: By the boundedness of d, we have; test our proposed method in this research (i.e SHCGA).
’lim alldel|? = 0. (55)

Table 1: The Summary of Numerical Results

ALGORITHMS
SHCGA NHCG NHCGP Undecided

Total number of problems 120 120 120

Total number of problems 110 110 110

Problems solved with less number of iterations 95 10 12 13
Percentage 77.27% 4.54% 6.36% 11.83%
Problems solved with less CPU time 90 10 8 12
Percentage 72.72% 9.09% 7.27% 10.92%
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To illustrate the performance of the three methods, a
summary of the results is presented in table1l. The
summarized data shows the number of problems for which
method is a winner, in terms of number of iterations and
CPU time respectively. The corresponding percentages of
number of problems solved by each method are also
reported. The summary reported in table 1 indicates that
the SHCGA scheme is a winner with respect to number of
iterations and CPU time. The table shows that, the SHCGA
method solves 77.27% (95 out of 120) of the problems with
less number of iterations, compared to the NHCG method,
which solves 4.54% (10 out of 120)

and NHCGP method which solves 6.36% (12 out of 120).
The summarized result also shows that both methods

08¢
0.6
0.4
0z 1
SHCGA
D 1

0

Figure 1: Performance profile of SHCGA, NHCG and
NHCGP Algorithms with respect to the number of
iterations for the problems

Figures (1) and (2) show the performance of our method
based on the number of iterations and CPU time
respectively, which were evaluated using the profiles of
Dolan, (2001). For each method, we plot the fraction p(7)
of the problems for which the method is within a factor t of
the best time. The top curve is the method that solved the
most problems in a time that was within a factor t of the
best time. The summary of the numerical results of the
three (3) methods are reported in Table 1. The summary of
numerical results indicates that the proposed method, i.e
SHCGA has minimum number of iterations and CPU time,
compared to NHCG and NHCGP respectively. Except for
problems 1 and 11 where the number of iterations in
SHGCA of large dimension is more than that of NHCG and
NHCGP. We can easily see that our claim is fully justified
from the table, that is, less CPU time and number of
iterations for each test problem with the exception of
problems 1 and 11. Furthermore, on the average, our
[1F (x,)]| is too small which signifies that the solution
obtained is the true approximation of the exact solution
compared to NHCG and NHCGP schemes.
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solve 13 problems with the same number of iterations,
which translates to 11.83% and is reported as undecided.
Also, the summary indicates that the SHCGA scheme
outperforms

the NHCG and NHCGP methods as it solves 72.72% (90
out of 120) of the problems with less CPU time compared
10 9.09% (10 out of 120) solved by the NHCG method and
7.27% (8 out of 120) by the NHCGP method. Therefore, itis
evident from figures 1 and 2 and the summarized result in
table 1 that, our method is more effective than the NHCG
and NHCGP methods, and therefore, more suitable for
solving large-scale system of nonlinear equations.

Dz .!"!‘.

. z
0

4 4 g 10 12

2

T
Figure 2: Performance profile of SHCGA, NHCG and
NHCGP Algorithms with respect to the CPU time (in
seconds) for the problems

CONCLUSION

In this paper, we presented a new spectral hybrid
conjugate gradient algorithm (SHCGA), for solving large-
scale system of nonlinear equations and compared its
performance with that of (NHCG and NHCGP) methods for
symmetric nonlinear equations by performing some
numerical experiments. We however proved the global
convergence of our proposed method, using a derivative-
free line search proposed by Li and Fukushima, and the
numerical results show that our method is very effective.
This research can be extended to large-scale nonlinear
monotone system of equations with applications to signal
and image recovery problems.
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