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A B S T R A C T  
The rapid transmission and the increasing prevalence of Dengue 
fever make it a great public health challenge in the world, especially 
in tropical and subtropical regions. For this study, a fractional-
order mathematical model was formulated to study the Dengue 
fever transmission dynamics and control. Important 
epidemiological parameters, including vaccination, treatment, and 
effective contact rates, were included in the model. Qualitative 
analysis confirmed that the model solutions exist, are unique, 
positive, and bounded, and that the basic reproduction number is 
computable to determine the conditions for the persistence and 
control of the disease. They found that higher vaccination and 
treatment coverage translates into decreased transmission and 
the reproduction number becoming less than 1, which is a good 
indicator of disease elimination. On the other hand, high contact 
rates were seen to be favorable for the spread and persistence of 
the infection. The analytical results were also supported with 
numerical simulations, contour plots, and surface plots, which 
showed that the prevalence of Dengue fever can only be reduced if 
intervention strategies are implemented in all aspects, such as 
vaccination, treatment, vector control, and reduction of 
transmission pathways. The results of this study help to 
understand the dynamics of Dengue transmission and offer 
valuable information to policy makers, health workers, and 
researchers for prevention, control, and potentially eradication of 
Dengue fever in endemic areas in the context of achieving 
sustainable solutions. 

 
INTRODUCTION 
Dengue fever is a vector-borne virus disease and is caused 
by a virus called the dengue virus. The virus is classified in 
the Flavivirus family and is comprised of four serotypes 
(DENV-1, DENV-2, DENV-3 and DENV-4) (Gubler, 1998). 
Dengue fever is a significant public health problem and is 
widely spread throughout tropical and subtropical areas of 

the worldwide. The disease is endemic in Western Pacific 
regions (particularly), Southeast Asia, Eastern 
Mediterranean and Americas (World Health Organization 
[WHO], 2018; Bhatt et al. 2013). According to Bhatt et al. 
(2013), more than 390 million people are infected with 
Dengue virus annually and Dengue fever is one of the 
fastest spreading mosquito-borne viral diseases in the 
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world. Now, more than 100 countries around the world are 
affected by Dengue fever (Brady et al., 2012). 
Dengue fever is spread to humans via infected female 
Aedes mosquitoes, particularly Aedes aegypti (Dengue 
Virus Net, 2019). In some people infected, the disease can 
manifest as a mild infection or as Dengue haemorrhagic 
fever (DHF) and Dengue shock syndrome (DSS), which may 
cause death without proper treatment (Halstead et al., 
1970). According to the World Health Organization (2019), 
over the years there has been a dramatic rise in the number 
of cases of severe Dengue, especially Dengue 
hemorrhagic fever, which is having a great impact on 
health systems around the world. 
Dengue virus is transmitted by an infected mosquito with 
the virus attached when a susceptible person gets bitten 
by it (Dengue virus Net, 2019). After recovery from an 
infection with one serotype of Dengue virus, there is partial 
or complete immunity to that serotype, but infection with 
other serotypes can still occur (Halstead et al., 1970). 
Although various attempts have been made to find antiviral 
specific treatment for Dengue fever, there is none other 
than supportive care (such as fluid replacement therapy) 
and symptomatic treatment (Dengue virus Net, 2018). 
Moreover, despite significant advances in Dengue vaccine 
research, a completely effective and widespread vaccine 
is still a challenge (World Health Organization, 2017). The 
World Health Organization (2017) reported that efforts 
around the world to develop a vaccine for Dengue have 
been stepped up over the last few years, and that Mexico 
was one of the first countries to approve a Dengue vaccine 
for use in the public population. 
The focus of researchers now is on fractional calculus 
since fractional derivatives support expert knowledge of 
the dynamics of physical systems as indicated by Atokolo 
et al. (2022). In the fractional order system model, total 
systems are described and not local systems as used by 
the integer order system models. This type of modelling 
provides a more accurate description of systems with 
memory Atokolo et al (2022). 
Fractional order models are preferred in terms of realistic 
and practicality compared to integer order models. 
Singular kernel fractional derivatives such as the Riemann- 
Liouville derivative and Caputo derivative are used in 
biological problems. The Atangana-Baleanu operator as 
well as Mittag-Leffler operator is part of the non-singular 
type of derivative. Atokolo et al (2022), used the technique 
of LADM to control Zika virus infection using a fractional 
order sterile insect technology (SIT) whose solutions were 
given in the form of converging infinite series, giving exact 
solutions. Atokolo et al (2024) showed a fractional order 
mathematical model of the epidemiological parameters of 
the Lassa fever viral infection, and used a fractional order 
derivative with a power law function to investigate the 
impact of treatment and vaccination on the dynamics of 
the viral spread of Lassa fever. Yunus et al (2023), 

investigated the COVID-19 spread in Nigeria using LADM 
and Caputo fractional-order derivative, which confirmed 
that recovery rates in normal situations were higher due to 
the provision of treatment and vaccinations. Omede et al 
(2024) formulated a fractional order model for Soil 
Transmitted Helminth (STH) infection incorporating the 
Caputo derivative and solved it by the use of LADM series 
solution. Their study confirmed that the series 
convergence results in the accuracy solution and the 
fractional order model is more flexible than the standard 
model. Amos et al (2024) developed a fractional 
mathematical model of hepatitis C transmission dynamics 
through contact rates and treatment and also created the 
Adams-Bash-forth Moulton method which showed that the 
disease can be reduced by decreasing the contact rates, 
increasing the treatment rates and the fractional model is 
more flexible than the standard model. Ahmed et al (2021), 
created a prediction model for the co-epidemic of HIV and 
COVID-19 transmissions based on ABC-fractional order 
derivative. 
The study by Omame et al (2022), studied a fractional order 
model of co-infection of hepatitis B virus and COVID-19 
with Atangana-Baleanu derivative and concluded that 
prevention is the only way to control the disease. Acheneje 
et al (2024), developed a fractional order transmission 
dynamics model for the co- infection of COVID-19 and 
Monkey pox and used LADM for an approximate solution 
and real data fitting as well. The investigation showed that 
the development of additional treatment facilities would 
decrease the disease cases. Smith et al (2023), studied 
Modeling on the Co- infection Dynamics of Hepatitis C and 
COVID-19 by reviewing recent mathematical modeling 
studies of hepatitis C and COVID-19 co-infection. The 
review discusses the standard modelling procedure and 
important results of interest, and suggests new areas for 
research. Atokolo et al. (2023), created a mathematical 
model for the transmission of vector-borne diseases with 
vertical transmission and prevention. 
Their advantages are mainly attributed to the 
simultaneous flexibility and non-locality aspects of 
fractional order models. Data can be better modelled by 
using fractional derivatives because of their flexibility, 
compared to classical derivatives. These derivatives can 
offer advantages by their ability to measure non-locality 
that classical derivatives can't. By means of their fractional 
operator, fractional order models have a memory property 
that classical models do not exhibit. Nowadays, Fractional 
differential equations are employed as a method in the 
solution of problems by the modern scientists. Ullah et al 
(2020), presented research which Das et al (2024), 
described about the solution of fuzzy Volterra integral 
equations with degenerate kernels, by employing a 
combination method. Researchers have combined the 
Laplace transform method with Adomian Decomposition 
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for advancing the theory of fuzzy analytical dynamic 
equations due to their great impact in this area. 
The study is of keen interest because of the discovery of 
insights for fuzzy analytical dynamic equation theory. Ali et 
al (2017) studied three point boundary value problem with 
respect to its existence and stability analysis. Using a non-
linear fractional approach, the authors analysed several 
types of Ulam stability. 
There are various mathematic models used for control and 
analysis of infectious diseases, in particular, Dengue fever. 
The Laplace-Adomain Transformation Method has been 
employed to obtain approximate solutions for Lassa fever 
models of fractional orders and the fractional-order model 
has been developed to investigate the dynamics of the 
spread of HIV/AIDS and COVID-19. Fractional-order 
models are used to study the impacts of antiretroviral 
therapy (ART) using novel type-2 fuzzy logic controllers in 
Dengue fever models. 
The fractional-order models are very useful because of 
their superior flexibility, non-locality and memory effects. 
Fractional derivatives result in better models in data fitting 
as they are more flexible and accurate than classical 
derivatives. Models show proficiency in exhibiting memory 
effects which classical models cannot. In recent studies, 
researchers Ullah et al (2020), and Ali et al (2017) have 
shown that there is a growing interest in applications of 
fractional calculus for modeling of complex systems due 
to their research on fuzzy Volterra integral equations and 
stability in three-point boundary value problems. 
In this paper, we first give sufficient conditions for 
existence and uniqueness of the solutions of a fractional-
order Dengue fever model, do stability analysis of the 
endemic equilibrium by using the Lyapunov function 
method, numerically solve the model by using the 
fractional Adams–Bashforth–Moulton method and 
simulate the model to show the dynamics of the model. 
A thorough review of existing literature reveals that the 
literature has not incorporated the fractional calculus with 
Adams-Bashforth-Moulton method for the study of the 
Dengue fever disease and its control. 
 
Definition 1: Let 𝑓 ∈ Λ∞(𝑅),The left and right Caputo 
fractional derivatives of the function𝑓 are then defined as: 

𝐷𝑐 𝑡
𝜗𝑓(𝑡) = (𝑡0𝐷𝑡

−(−𝑛𝜗) (
𝑑

𝑑𝑡
)
𝑛

𝑓(𝑡))  

𝐷𝑐 𝑡
𝜗𝑓(𝑡) =

1

Γ(𝑛−𝜗)
∫ ((𝑡 − 𝜆)𝑛−𝜗−1𝑓𝑛(𝜆)) 𝑑𝜆
𝑡

0
 (1) 

Similarly 

𝐷𝑇
𝑐
𝑡
𝜗𝑓(𝑡) = ( 𝐷𝑡 𝑇

−(𝑛−𝜗) (
−𝑑

𝑑𝑡
)
𝑛

𝑓(𝑡))  

𝐷𝑇
𝑐
𝑡
𝜗𝑓(𝑡) =

(−1)𝑛

Γ(𝑛−𝜗)
∫ ((𝜆 − 𝑡)𝑛−𝜗−1𝑓𝑛(𝜆)) 𝑑𝜆
𝑇

𝑡
,  

Definition 2: The generalized Mittag-Leffler function 
𝐸𝜗,𝛽(𝑥) for 𝑥 ∈ 𝑅 is given by:   

𝐸𝜗,𝛽(𝑥) = ∑
𝑥𝑛

Γ(𝜗𝑛+𝛽)
∞
𝑛=0 , 𝜗, 𝛽 > 0,   (2) 

which can be denoted as; 

𝐸𝜗,𝛽(𝑥) = 𝑥𝐸𝜗,𝜗𝑥−𝜇
𝜗
+𝛽(𝑥) +

1

Γ(𝛽)
,   (3) 

𝐸𝜗,𝛽(𝑥) = 𝐿[𝑡
𝛽−1𝐸𝜗 , 𝛽(±𝜔𝑡

𝜗)] =
𝑆𝜗−𝛽

𝑆𝜗±𝜔
,  (3.1) 

 
Proposition 1 
Let 𝑓 ∈ Λ∞(𝑅) ∩ 𝐶(𝑅) and 𝜗 ∈ 𝑅, 𝑛 − 1 < 𝜗 < 𝑛, 
Therefore, the conditions given below is satisfied: 
1. 𝐷𝑡0

𝑐
𝑡
𝜗𝐼𝜗𝑓(𝑡) = 𝑓(𝑡),,    (3.2) 

2. 𝐼𝑡0
𝜗𝐷𝑡

𝜗𝑓(𝑡) = 𝑓(𝑡) − ∑
𝑡𝑘

𝑘!

𝑛−𝑘
𝑘=0 𝑓𝑘(𝑡𝑜).  (4) 

 
Model Formulation 
The integer-order model classifies the Dengue fever 
infected individuals into eight categories: Susceptible 
humans (𝑆𝐻), Exposed individuals (𝐸𝐻), Dengue fever 
infected individuals  (𝐼𝐻), individuals receiving Dengue 
fever treatment  (𝑇𝐻),, Vaccinated human population 
against Dengue fever (𝑉𝐻) , Recovered human population 
from Dengue fever (𝑅𝐻), susceptible vectors (𝑆𝑉) , and 
infected vectors (𝐼𝑉). 
Susceptible humans to Dengue fever (𝑆𝐻) are recruited at 
the rate of (Λ𝐻), The group decreases due to the natural 
death rate among humans (𝜇𝐻)and vaccination at the rate 
of (𝜎2), the recovery rate due to treatment is denoted as 
(𝜔) , the rate at which recovered individuals become 
susceptible again is represented as 𝜌 , and vaccine failure 
rate (𝜎1) , Several parameters influencing the susceptible 
humans are (𝛽𝐻 , 𝛽𝑉) respectively.     
Therefore, we write the dynamics of susceptible 
individuals as follows: 
𝑑𝑆𝐻

𝑑𝑡
= Λ𝐻 + 𝜌𝑅𝐻 + 𝜎1𝑉𝐻 − 𝜆𝐻𝑆𝐻 − (𝜎2 + 𝜇𝐻)𝑆𝐻 ,  

Dengue fever exposed humans (𝐸𝐻):   the population is 
seeing more new cases and the infection rate (𝛽𝐻 , 𝛽𝑉)is 
increasing by respectively. The rate of decline of this class 
is given by the rate at which exposed humans become fully 
infected with Dengue fever(𝛼), and the natural death 
rate(𝜇𝐻).  
The dynamics of this population is presented here as: 
𝑑𝐸𝐻

𝑑𝑡
= 𝜆𝐻𝑆𝐻 − (𝛼 + 𝜇𝐻)𝐸𝐻 ,  

Dengue fever Infected humans (𝐼𝐻): The number keeps 
increasing because Dengue fever sufferers pass the 
disease on to others at the rate of (𝛼) , Natural death rate 
(𝜇𝐻)causes the human population size to decrease , 
Tropical diseases like dengue fever, led to human deaths 
at given death rates(𝛿) , and treatment rate (𝜃) of infected 
humans .   
  The dynamics of this population is described here by: 
𝑑𝐼𝐻

𝑑𝑡
= 𝛼𝐸𝐻 − (𝜃 + 𝛿 + 𝜇𝐻)𝐼𝐻 ,  

The growth of human infected with Dengue fever receiving 
treatment (𝑇𝐻)depends on number of human infected with 
Dengue fever receiving treatment at rate (𝜃),The 
populations sizes decrease as people are cured of their 
Dengue fever infections by treatment at the rate of (𝜔) .The 
modification parameter that accounts for the decrease in 
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the rate at which humans on treatment die due to the 
Dengue fever is denoted by 𝜙. The death rate of humans on 
treatment and natural death rate induced by the diseases 
are (𝛿) and 𝜇𝐻  respectively. 
The dynamics of this population is then given by: 
𝑑𝑇𝐻

𝑑𝑡
= 𝜃𝐼𝐻 − (𝜔 + 𝜙𝛿 + 𝜇𝐻)𝑇𝐻 ,  

Vaccinated human population against Dengue 
fever(𝑉𝐻): When vaccination rates (𝜎2) drop, the number 
of people who can still be infected with Dengue goes up. 
Over time, this vaccinated population shrinks due to 
natural death rate (𝜇𝐻)and the gradual loss of vaccine 
protection (waning immunity) at the rate of(𝜎1).  
The way this population changes over time is described 
below: 
𝑑𝑉𝐻

𝑑𝑡
= 𝜎2𝑆𝐻 − (𝜎1 + 𝜇𝐻)𝑉𝐻 ,  

Recovered human population from Dengue fever(𝑅𝐻): The 
number of recovered individuals depends largely on the 
recovery rate (𝜔) of those receiving treatment. However, 
this population declines due to natural death rate of (𝜇𝐻) 
and the rate at which recovered people lose immunity and 

become susceptible again which affects how soon they 
might relapse back into an infection at the rate of (𝜌).  
Here's how this population changes over time: 
𝑑𝑅𝐻

𝑑𝑡
= 𝜔𝑇𝐻 − (𝜌 + 𝜇𝐻)𝑅𝐻 ,  

Susceptible vector population(𝑆𝑉): New susceptible 
vectors are added at a recruitment rate  (Λ𝑉). This group 
shrinks due to two main factors: the rate at which vectors 
bite humans𝛽𝑉, and the natural death rate among the 
vector population (𝜇𝑉). 
The dynamics of this population are described as follows: 
𝑑𝑆𝑉

𝑑𝑡
= Λ𝑉 − 𝜆𝑉𝑆𝑉 − 𝜇𝑉𝑆𝑉 ,  

Infected vector population(𝐼𝑉): This group grows as 
vectors bite humans at a certain rate (𝛽𝑉). However, it also 
shrinks due to two factors: death caused by the attempt to 
bite infected humans(𝛿𝑉), and the natural death rate 
(𝜇𝑉)among the vector population.  
The dynamics of this population are presented as follows: 
𝑑𝐼𝑉

𝑑𝑡
= 𝜆𝑉𝑆𝑉 − (𝛿𝑉 + 𝜇ℎ)𝐼𝑉 .  

 
Dengue fever Model Flow Diagram 

 
Figure1: Dengue fever model flow Diagram 

 
The Dengue fever transmission dynamics model is shown 
in the flow diagram (Figure 1). It shows how people move 
between various epidemiological compartments from 
susceptible (exposed with effective contact with infected 
people) to infected to symptomatic to hospitalize to 
recover to deceased. The exposed persons go on to be 
infectious. Treatment, vaccinations and transitions related 
to the recovery or death of individuals are also included, 
along with the population of susceptible vectors and the 
population of infected vectors, which represents disease 
progression and intervention measures. The diagram 
clearly depicts the role of infection, progression, 

treatment, vaccination and natural removal rates in the 
transmission of Dengue fever. 
 
Model Equation 
𝑑𝑆𝐻

𝑑𝑡
= Λ𝐻 + 𝜌𝑅𝐻 + 𝜎1𝑉𝐻 − 𝜆𝐻𝑆𝐻 − (𝜎2 + 𝜇𝐻)𝑆𝐻 ,  

𝑑𝐸𝐻

𝑑𝑡
= 𝜆𝐻𝑆𝐻 − (𝛼 + 𝜇𝐻)𝐸𝐻   

𝑑𝐼𝐻

𝑑𝑡
= 𝛼𝐸𝐻 − (𝜃 + 𝛿 + 𝜇𝐻)𝐼𝐻 ,  

𝑑𝑇𝐻

𝑑𝑡
= 𝜃𝐼𝐻 − (𝜔 + 𝜙𝛿 + 𝜇𝐻)𝑇𝐻 ,  

𝑑𝑉𝐻

𝑑𝑡
= 𝜎2𝑆𝐻 − (𝜎1 + 𝜇𝐻)𝑉𝐻 ,          (5) 

𝑑𝑅𝐻

𝑑𝑡
= 𝜔𝑇𝐻 − (𝜌 + 𝜇𝐻)𝑅𝐻 ,  
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𝑑𝑆𝑉

𝑑𝑡
= Λℎ − 𝜆𝑉𝑆𝑉 − 𝜇𝑉𝑆𝑉 ,  

𝑑𝐼𝑉

𝑑𝑡
= 𝜆𝑉𝑆𝑉 − (𝛿𝑉 + 𝜇𝑉)𝐼𝑉 .  

Where𝜆𝐻 =
𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
and 𝜆𝑉 =

𝛽𝑉𝐼𝐻

𝑁𝐻
.

 
 
Fractional order mathematical model 
In this section, we transform integer-order model to 
fractional-order as seen below: 
𝐷𝐶 𝑡
𝜗𝑆𝐻 = Λ𝐻 + 𝜌𝑅𝐻 + 𝜎1𝑉𝐻 −

𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
𝑆𝐻 − (𝜎2 + 𝜇𝐻)𝑆𝐻 ,

  
𝐷𝐶 𝑡
𝜗𝐸𝐻 =

𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
𝑆𝐻 − (𝛼 + 𝜇𝐻)𝐸𝐻 ,  

𝐷𝐶 𝑡
𝜗𝐼𝐻 = 𝛼𝐸𝐻 − (𝜃 + 𝛿 + 𝜇𝐻)𝐼𝐻 ,    (6) 
𝐷𝐶 𝑡
𝜗𝑇𝐻 = 𝜃𝐼𝐻 − (𝜔 + 𝜙𝛿 + 𝜇𝐻)𝑇𝐻 ,  
𝐷𝐶 𝑡
𝜗𝑉𝐻 = 𝜎2𝑆𝐻 − (𝜎1 + 𝜇𝐻)𝑉𝐻 ,  
𝐷𝐶 𝑡
𝜗𝑅𝐻 = 𝜔𝑇𝐻 − (𝜌 + 𝜇𝐻)𝑅𝐻 ,  
𝐷𝐶 𝑡
𝜗𝑆𝑉 = Λ𝑉 −

𝛽𝑉𝐼𝐻

𝑁𝐻
𝑆𝑉 − 𝜇𝑉𝑆𝑉 ,  

𝐷𝐶 𝑡
𝜗𝐼𝑉 =

𝛽𝑉𝐼𝐻

𝑁𝐻
𝑆𝑉 − (𝛿𝑉 + 𝜇𝑉)𝐼𝑉 .  

Subject to the initial conditions  
𝑆𝐻(0) = 𝑆𝐻0, 𝐸𝐻(0) = 𝐸𝐻0, 𝐼𝐻(0) = 𝐼𝐻0, 𝑇𝐻(0) =
𝑇𝐻0, 𝑉𝐻(0) = 𝑉𝐻0, 𝑅𝐻(0) = 𝑅𝐻0, 𝑆𝑉(0) = 𝑆𝑉0, 𝐼𝑉(0) = 𝐼𝑉0.
  
Model Analysis 
Positivity of model solution 
We considered the human population non-negativity of the 
initial values, 
𝑁𝐻(𝑡) ≤

Λ𝐻
𝜇𝐻

 as 𝑡 → ∞  

Secondly, 𝑖𝑓 𝑙𝑖𝑚𝑠𝑢𝑝𝑁𝐻0 (𝑡) ≤
Λ𝐻
𝜇𝐻
, then our model 

feasible domain is given by:  

Ω𝐻 = {(𝑆𝐻 , 𝐸𝐻 , 𝐼𝐻 , 𝑇𝐻 , 𝑉𝐻 , 𝑅𝐻) ⊂ 𝑅+6 : 𝑆𝐻 + 𝐸𝐻 + 𝐼𝐻 +

𝑇𝐻 +𝑉𝐻+𝑅𝐻 ≤
Λ𝐻
𝜇𝐻
, }, (7) 

 so that, 
Ω = Ω𝐻 ⊂ 𝑅+6 ,  Hence,  Ω is positively invariant. 
We also considered the vector population non-negativity 
of the initial values, 
𝑁𝑉(𝑡) ≤

Λ𝑉
𝜇𝑉

 as 𝑡 → ∞  

Secondly, 𝑖𝑓 𝑙𝑖𝑚𝑠𝑢𝑝𝑁𝑉0 (𝑡) ≤
Λ𝑉
𝜇𝑉
, then our model 

feasible domain is given by:  

Ω𝑉 = {(𝑆𝑉 , 𝐼𝑉) ⊂ 𝑅+2 : 𝑆𝑉 + 𝐼𝑉 ≤
Λ𝑉
𝜇𝑉
, },  

 so that, 
Ω = Ω𝑉 ⊂ 𝑅+2 ,  Hence,Ω is positively invariant. 
If 𝑆𝐻0, 𝐸𝐻0, 𝐼𝐻0, 𝑇𝐻0, 𝑉𝐻0, 𝑅𝐻0.are non-negative, then the 
solution of model (6) will be non-negative for 𝑡> 0. From Eq. 
(6), selecting the first equation, we obtained; 

𝐷𝐶 𝑡
𝜗𝑆𝐻 = Λ𝐻 + 𝜌𝑅𝐻 + 𝜎1𝑉𝐻 −

𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
𝑆𝐻 − (𝜎2 + 𝜇𝐻)𝑆𝐻 ,

  

𝐷𝐶 𝑡
𝜗𝑆𝐻 + (

𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
+ 𝜎2 + 𝜇𝐻) 𝑆𝐻 = Λ𝐻 + 𝜌𝑅𝐻 + 𝜎1𝑉𝐻 ,

  
ButΛ𝐻 + 𝜌𝑅𝐻 + 𝜎1𝑉𝐻 ≥ 0then, 

𝐷𝐶 𝑡
𝜗𝑆𝐻 + (

𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
+ 𝜎2 + 𝜇𝐻) 𝑆𝐻 ≥ 0,  

Applying the Laplace transform we obtained: 

𝐿[ 𝐷𝐶 𝑡
𝜗𝑆𝐻] + 𝐿 [(

𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
+ 𝜎2 + 𝜇𝐻) 𝑆𝐻] ≥ 0,  

𝑆𝐻
𝜗𝑆𝐻(𝑠) − 𝑆𝐻

𝜗−1𝑆𝐻(0) + (
𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
+ 𝜎2 + 𝜇𝐻) 𝑆𝐻(𝑠) ≥ 0,

  

𝑆𝐻(𝑠) ≥
𝑆𝐻
𝜗−1

𝑆𝐻
𝜗+(

𝑏𝛽𝐻𝐼𝑉
𝑁𝐻

+𝜎2+𝜇𝐻)
𝑆𝐻(0).   (8) 

By taking the inverse Laplace transform, we obtained: 

𝑆𝐻(𝑡) ≥ 𝐸𝑡𝜗,1 (− (
𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
+ 𝜎2 + 𝜇𝐻) 𝑡

𝜗) 𝑆𝐻0. (9) 

Now since the term on the right-hand side of Eq. (9) is 
positive, we conclude that 𝑆𝐻 ≥ 0 for𝑡 ≥ 0. In the same 
way, we also have that 𝐸𝐻 ≥ 0, 𝐼𝐻 ≥ 0, 𝑇𝐻 ≥
0, 𝑉𝐻 ≥0, 𝑅𝐻 ≥0, 𝑆𝑉 ≥0, 𝐼𝑉 ≥0. that is positives; therefore, 
the solution will remain in 𝑅+8  for all  𝑡 ≥ 0 with positive 
initial conditions. 
 
Boundedness of fractional model solution 
The total human population from our model is given by: 
𝑁𝐻(𝑡) = 𝑆𝐻(𝑡) + 𝐸𝐻(𝑡) + 𝐼𝐻(𝑡) + 𝑇𝐻(𝑡) + 𝑉𝐻(𝑡) + 𝑅𝐻(𝑡). 
So from our fractional model (6), we now obtain: 
𝑐𝐷𝑡

𝜗𝑁𝐻(𝑡) =
𝑐 𝐷𝑡

𝜗𝑆𝐻(𝑡)+
𝑐𝐷𝑡

𝜗𝐸𝐻(𝑡)+
𝑐𝐷𝑡

𝜗𝐼𝐻(𝑡)+
𝑐𝐷𝑡

𝜗𝑇𝐻(𝑡) 
+𝑐𝐷𝑡

𝜗𝑉𝐻(𝑡)+
𝑐𝐷𝑡

𝜗𝑅𝐻(𝑡).  
𝑐𝐷𝑡

𝜗𝑁𝐻(𝑡) = Λ𝐻 − 𝜇𝐻𝑁𝐻(𝑡)     (10) 
Taking the Laplace transformation of (10) we obtained; 
𝐿[𝑐𝐷𝑡

𝜗𝑁𝐻(𝑡)] = 𝐿[Λ𝐻 − 𝜇𝐻𝑁𝐻(𝑡)],  
𝑆𝐻
𝜗𝑁𝐻(𝑠) − 𝑆𝐻

𝜗−1𝑁𝐻(0) + 𝜇𝐻𝑁𝐻(𝑠) ≤
Λ𝐻
𝜇𝐻
,  

𝑁𝐻(𝑠) ≤
𝑆𝐻
𝜗−1

(𝑆𝐻
𝜗+𝜇𝐻)

𝑁𝐻(0) +
Λ𝐻

𝑆𝐻(𝑆𝐻
𝜗+𝜇𝐻)

,    (11)

 By taking the inverse Laplace transform of Eq. (11) we 
obtained; 
𝑁𝐻(𝑡) ≤ 𝐸𝑡𝜗,1(−𝜇𝐻𝑡

𝜗)𝑁𝐻(0) + Λ𝐻𝐸𝑡𝜗,𝜗+1(−𝜇𝐻𝑡𝜗),  (12) 
At 𝑡 → ∞, the limit of Eq. (12) becomes 
𝑙𝑖𝑚
𝑡→∞
𝑆𝑢𝑝𝑁𝐻(𝑡) =

Λ𝐻
𝜇𝐻
. 

 This means that, if 𝑁𝐻0 ≤
Λ𝐻
𝜇𝐻
. 

then 𝑁𝐻(𝑡) ≤
Λ𝐻
𝜇𝐻

which implies that,𝑁𝐻(𝑡) is bounded. 

We now conclude that, this regionΩ = Ω𝐻, is well posed 
and equally feasible epidemiologically. 
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Existence and uniqueness of our model solution 
Let the real non-negative be V we consider 𝑈 = [0, 𝑉[]] 
The set of all continuous function that is defined on P is represented by 𝑁𝑒0(𝑉) with norm as; 
‖𝐷‖ = 𝑆𝑢𝑝{|𝐷(𝑡)|, 𝑡 ∈ 𝑉}.  
Considering model (6) along with the initial conditions specified in (8), this can be represented as an initial value problem 
(IVP) in (13). 
𝐷𝑐 𝑡
𝜗𝐷(𝑡) = 𝑍(𝑡, 𝐷(𝑡)), 0 < 𝑡 < 𝑉 < ∞,         (13) 

𝐷(0) = 𝐷0.  
Where 𝐷(𝑡) = (𝑆𝐻(𝑡), 𝐸𝐻(𝑡), 𝐼𝐻(𝑡), 𝑇𝐻(𝑡), 𝑉𝐻(𝑡), 𝑅𝐻(𝑡) , 𝑆𝑉(𝑡), 𝐼𝑉(𝑡))represents the classes and Z be a continuous function 
defined as follows: 

𝑍(𝑡, 𝐷(𝑡)) =

(

 
 
 
 
 
 

𝑍1(𝑡, 𝑆𝐻(𝑡))

𝑍2(𝑡, 𝐸𝐻(𝑡))

𝑍3(𝑡, 𝐼𝐻(𝑡))

𝑍4(𝑡, 𝑇𝐻(𝑡))

𝑍5(𝑡, 𝑉𝐻(𝑡))

𝑍6(𝑡, 𝑅𝐻(𝑡))

𝑍7(𝑡, 𝑆𝑉(𝑡))

𝑍8(𝑡, 𝐼𝑉(𝑡)) )

 
 
 
 
 
 

=

(

 
 
 
 
 
 
 
 
 

Λ𝐻 + 𝜌𝑅𝐻 + 𝜎1𝑉𝐻 −
𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
𝑆𝐻 − (𝜎2 + 𝜇𝐻)𝑆𝐻

𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
𝑆𝐻 − (𝛼 + 𝜇𝐻)𝐸𝐻

𝛼𝐸𝐻 − (𝜃 + 𝛿 + 𝜇𝐻)𝐼𝐻
𝜃𝐼𝐻 − (𝜔 + 𝜙𝛿 + 𝜇𝐻)𝑇𝐻
𝜎2𝑆𝐻 − (𝜎1 + 𝜇𝐻)𝑉𝐻
𝜔𝑇𝐻 − (𝜌 + 𝜇𝐻)𝑅𝐻

Λ𝑉 −
𝛽𝑉𝐼𝐻

𝑁𝐻
𝑆𝑉 − 𝜇𝑉𝑆𝑉

𝛽𝑉𝐼𝐻

𝑁𝐻
𝑆𝑉 − (𝛿𝑉 + 𝜇𝑉)𝐼𝑉 )

 
 
 
 
 
 
 
 
 

,    (14) 

Using Proposition 1, we obtain: 

𝑆𝐻(𝑡) = 𝑆𝐻0 + 𝐼𝑡
𝜗 [Λ𝐻 + 𝜌𝑅𝐻 + 𝜎1𝑉𝐻 −

𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
𝑆𝐻 − (𝜎2 + 𝜇𝐻)𝑆𝐻],  

𝐸𝐻(𝑡) = 𝐸𝐻0 + 𝐼𝑡
𝜗 [

𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
𝑆𝐻 − (𝛼 + 𝜇𝐻)𝐸𝐻],         (15) 

𝐼𝐻(𝑡) = 𝐼𝐻0 + 𝐼𝑡
𝜗[𝛼𝐸𝐻 − (𝜃 + 𝛿 + 𝜇𝐻)𝐼𝐻],  

𝑇𝐻(𝑡) = 𝑇𝐻0 + 𝐼𝑡
𝜗[𝜃𝐼𝐻 − (𝜔 + 𝜙𝛿 + 𝜇𝐻)𝑇𝐻],  

𝑉𝐻(𝑡) = 𝑉𝐻0 + 𝐼𝑡
𝜗[𝜎2𝑆𝐻 − (𝜎1 + 𝜇𝐻)𝑉𝐻],  

𝑅𝐻(𝑡) = 𝑅𝐻0 + 𝐼𝑡
𝜗[𝜔𝑇𝐻 − (𝜌 + 𝜇𝐻)𝑅𝐻],   

𝑆𝑉(𝑡) = 𝑆𝑉0 + 𝐼𝑡
𝜗 [Λ𝑉 −

𝛽𝑉𝐼𝐻

𝑁𝐻
𝑆𝑉 − 𝜇𝑉𝑆𝑉],  

𝐼𝑉(𝑡) = 𝐼𝑉0 + 𝐼𝑡
𝜗 [

𝛽𝑉𝐼𝐻

𝑁𝐻
𝑆𝑉 − (𝛿𝑉 + 𝜇𝑉)𝐼𝑉].  

We now obtained the following; 

𝑆𝐻𝑛(𝑡) = 𝑆𝐻0 +
1

Γ(𝜗)
∫ (𝑡 − 𝜆)𝜗−1𝑍1
𝑡

0
(𝜆, 𝑆𝐻(𝑛−1)(𝜆)) 𝑑 𝜆,  

( )
( )

( ) ( ) ( )( )1

0 2 10

1
,E d ,

t

Hn H H n
E t E t Z


   



−

−
= + −

 
 

𝐼𝐻𝑛(𝑡) = 𝐼𝐻0 +
1

Γ(𝜗)
∫ (𝑡 − 𝜆)𝜗−1𝑍3
𝑡

0
(𝜆, 𝐼𝐻(𝑛−1)(𝜆)) 𝑑 𝜆,       (16) 

( )
( )

( ) ( ) ( )( )1

0 4 10

1
,T d ,

t

Hn H H n
T t T t Z


   



−

−
= + −

 
 

𝑉𝐻𝑛(𝑡) = 𝑉𝐻0 +
1

Γ(𝜗)
∫ (𝑡 − 𝜆)𝜗−1𝑍5
𝑡

0
(𝜆, 𝑉𝐻(𝑛−1)(𝜆)) 𝑑 𝜆,  

𝑅𝐻𝑛(𝑡) = 𝑅𝐻0 +
1

Γ(𝜗)
∫ (𝑡 − 𝜆)𝜗−1𝑍6
𝑡

0
(𝜆, 𝑅𝐻(𝑛−1)(𝜆)) 𝑑 𝜆,  

𝑆𝑉𝑛(𝑡) = 𝑆𝑉0 +
1

Γ(𝜗)
∫ (𝑡 − 𝜆)𝜗−1𝑍7
𝑡

0
(𝜆, 𝑆𝑉(𝑛−1)(𝜆)) 𝑑 𝜆,  

𝐼𝑉𝑛(𝑡) = 𝐼𝑉0 +
1

Γ(𝜗)
∫ (𝑡 − 𝜆)𝜗−1𝑍8
𝑡

0
(𝜆, 𝐼𝑉(𝑛−1)(𝜆)) 𝑑 𝜆.  

Transforming equation eq. (13) to get  
𝑋(𝑡) = 𝑋(0) +

1

Γ(𝜗)
∫ (𝑡 − 𝜆)𝜗−1𝑍
𝑡

0
(𝜆, 𝑋(𝜆)) 𝑑 𝜆.        (17) 

 
Lemma 1, The Lipchitz condition described from Eq. (14) is satisfied by vector 𝑍(𝑡, 𝐷(𝑡)) on a set [0, 𝑉[]+8 ] with the Lipchitz 
constant given as: 

𝜓 = 𝑚𝑎𝑥 ((𝑏𝛽𝐻
* + 𝛽𝑉

* + 𝜎2 + 𝜇𝐻), (𝛼 + 𝜇ℎ), (𝜃 + 𝛿 + 𝜇ℎ), (𝜔 + 𝜙𝛿 + 𝜇𝐻), (𝜎1 + 𝜇𝐻), (𝜌 + 𝜇𝐻), 𝜇𝑉 , (𝛿𝑉 + 𝜇𝑉)). 
 Proof. 
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‖𝑍1(𝑡, 𝑆𝐻) − 𝑍1(𝑡, 𝑆𝐻1)‖,
 

= ‖Λ𝐻 + 𝜌𝑅𝐻 + 𝜎1𝑉𝐻 −
𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
𝑆𝐻 − (𝜎2 + 𝜇𝐻)𝑆𝐻 − Λ𝐻 + 𝜌𝑅𝐻 + 𝜎1𝑉𝐻 −

𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
𝑆𝐻 − (𝜎2 + 𝜇𝐻)𝑆𝐻1‖,

 = ‖−Λ𝐻 + 𝜌𝑅𝐻 + 𝜎1𝑉𝐻 −
𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
𝑆𝐻 − (𝜎2 + 𝜇𝐻)𝑆𝐻 − 𝜇𝐻(𝑆𝐻 − 𝑆𝐻1) + 𝜇𝐻(𝑆𝐻 − 𝑆𝐻1)‖ ≤ (𝑏𝛽𝐻

* + 𝛽𝑉
* + 𝜎2 + 𝜇𝐻)‖𝑆𝐻 −

𝑆𝐻1‖ + 𝜇𝐻‖𝑆𝐻 − 𝑆𝐻1‖ ∴ ‖𝑍1(𝑡, 𝑆𝐻) − 𝑍1(𝑡, 𝑆𝐻1)‖ ≤ (𝑏𝛽𝐻
* + 𝛽𝑉

* + 𝜎2 + 𝜇𝐻)‖𝑆𝐻 − 𝑆𝐻1‖, 
 Similarly, we obtained the following: 

( ) ( ) ( )2 2 1 1,E ,E E E ,H H H H HZ t Z t  −  + −
 

( ) ( ) ( )3 3 1 1, I , I I I ,H H h H HZ t Z t   −  + + −
        (18) 

‖𝑍4(𝑡, 𝑇𝐻 ) − 𝑍4(𝑡, 𝑇𝐻1 )‖ ≤ (𝜔 + 𝜙𝛿 + 𝜇𝐻)‖𝑇𝐻 −𝑇𝐻1 ‖,  
‖𝑍5(𝑡, 𝑉𝐻 ) − 𝑍5(𝑡, 𝑉𝐻1 )‖ ≤ (𝜎1 + 𝜇𝐻)‖𝑉𝐻 − 𝑉𝐻1‖,  
‖𝑍6(𝑡, 𝑅𝐻 ) − 𝑍6(𝑡, 𝑅𝐻1 )‖ ≤ (𝜌 + 𝜇𝐻)‖𝑅𝐻 − 𝑅𝐻1‖,  ‖𝑍7(𝑡, 𝑆𝑉) − 𝑍7(𝑡, 𝑆𝑉1)‖ ≤ (𝜇𝑉)‖𝑆𝑉 − 𝑆𝑉1‖,  ‖𝑍8(𝑡, 𝐼𝑉 ) − 𝑍8(𝑡, 𝐼𝑉1 )‖ ≤ (𝛿𝑉 + 𝜇𝑉)‖𝐼𝑉 − 𝐼𝑉1‖. 

 Where we obtained: 
‖𝑍(𝑡, 𝐷1(𝑡)) − 𝑍(𝑡, 𝐷2(𝑡))‖ ≤ 𝜓‖𝐷1 − 𝐷2‖, 

 
𝜓 = 𝑚𝑎𝑥 ((𝑏𝛽𝐻

* + 𝛽𝑉
* + 𝜎2 + 𝜇𝐻), (𝛼 + 𝜇ℎ), (𝜃 + 𝛿 + 𝜇ℎ), (𝜔 + 𝜙𝛿 + 𝜇𝐻), (𝜎1 + 𝜇𝐻), (𝜌 + 𝜇𝐻), 𝜇𝑉 , (𝛿𝑉 + 𝜇𝑉)). (19) 

 
Lemma 2. The initial value problem (6), (7) in Eq. (19) exists and will have a unique solution 
𝐷(𝑡) ∈ 𝐷𝑐

0(𝐸).  
Using Picard Lindelöf and fixed-point theory, we consider the solution of  
𝐷(𝑡) = 𝑆𝐻(𝐷(𝑡)), 

 where S is defined as the Picard operator expressed as ; 
𝑆𝐻: 𝐷𝑐

0(𝐸, 𝑅+
8) → 𝐷𝑐

0(𝐸, 𝑅+
8). 

 Therefore 
𝑆𝐻(𝐷(𝑡)) = 𝐷(0) +

1

Γ(𝜗)
∫ (𝑡 − 𝜆)𝜗−1𝑍
𝑡

0
(𝜆, 𝐷(𝜆)) 𝑑 𝜆.  

which becomes:  
‖𝑆𝐻(𝐷1(𝑡)) − 𝑆𝐻(𝐷2(𝑡))‖, 

 
= ‖

1

Γ(𝜗)
[∫ (𝑡 − 𝜆)𝜗−1𝑍(𝜆, 𝐷1(𝜆)) − 𝑍(𝜆, 𝐷2(𝜆)) 𝑑 𝜆
𝑡

0
]‖, 

 
≤

1

Γ(𝜗)
∫ (𝑡 − 𝜆)𝜗−1
𝑡

0
‖𝑍(𝜆, 𝐷1(𝜆)) − 𝑍(𝜆, 𝐷2(𝜆)) 𝑑 𝜆‖. 

 
≤

𝜓

Γ(𝜗)
∫ (𝑡 − 𝜆)𝜗−1
𝑡

0
‖𝐷1 − 𝐷2‖𝑑𝜆. 

 
‖𝑆𝐻(𝐷1(𝑡)) − 𝑆𝐻(𝐷2(𝑡))‖ ≤

𝜓

Γ(𝜗+1)𝑆𝐻
. 

 

When 
𝜓

Γ(𝜗+1)
𝑆𝐻 ≤ 1.           (20) 

then the Picard operator gives a contradiction ,  so Eq.(6) , (7) solution is unique. 

Disease Free Equilibrium Point  
Disease free equilibrium point is a point where there is no disease in the population 
At DFE 𝑆𝐻 ≠ 0, 𝐸𝐻 = 0, 𝐼𝐻 =0, 𝑇𝐻 =0, 𝑉𝐻 ≠0, 𝑅𝐻 =0, 𝑆𝑉 ≠ 0, 𝐼𝑉 =0. 
(𝑆𝐻
0 , 𝐸𝐻

0 , 𝐼𝐻
0 , 𝑇𝐻

0, 𝑉𝐻
0, 𝑅𝐻

0 , 𝑆𝑉
0, 𝐼𝑉

0 ) = (
Λ𝐻(𝜎1+𝜇𝐻)

𝜇𝐻(𝜎2+𝜎1+𝜇𝐻)
, 0,0,0,

𝜎2Λ𝐻
𝜇𝐻(𝜎2+𝜎1+𝜇𝐻)

, 0,
Λ𝑉
𝜇𝑉
, 0).     (21)

  
Basic Reproduction Number 
Basic reproduction number 𝑅0𝐷:represents the average number of secondary infections caused by a single infected 
person. To compute 𝑅0𝐷, we use the next-generation method specifically, by working with a non-negative matrix F (which 
contains the new infection terms) and another matrix V (which covers all other transitions between compartments). The 
value of 𝑅0𝐷  is then given by the dominant eigenvalue𝑅0𝐷 = 𝜌𝐹𝑉−1. 
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𝐹 =

(

 
 

0 0 0
𝑏𝛽𝐻(𝜎1+𝜇𝐻)

𝜎2+𝜎1+𝜇𝐻

0 0 0 0
0 0 0 0

0
𝛽𝑉Λ𝑉𝜇𝐻
Λ𝑉𝜇𝑉

0 0 )

 
 
𝑉 = (

𝐺2 0 0 0
−𝛼 𝐺3 0 0
0 −𝜃 𝐺4 0
0 0 0 𝐺8

)      (22) 

𝑉−1 =

(

 
 
 
 

1

𝐺2
0 0 0

𝛼

𝐺2𝐺3

1

𝐺3
0 0

𝜃𝛼

𝐺2𝐺3𝐺4

𝜃

𝐺3𝐺4

1

𝐺4
0

0 0 0
1

𝐺8)

 
 
 
 

,  

𝐹𝑉−1 =

(

 
 

0 0 0
𝑏𝛽𝐻(𝜎1+𝜇𝐻)

(𝜎2+𝜎1+𝜇𝐻)𝐺8

0 0 0 0
0 0 0 0

𝛽𝑉Λ𝑉𝜇𝐻𝛼

Λ𝐻𝜇𝑉𝐺2𝐺3

𝛽𝑉Λ𝑉𝜇𝐻
Λ𝐻𝜇𝑉𝐺3

0 0 )

 
 
,  

𝑅0
𝐷 =

√Λ𝐻𝜇𝑣𝐺2𝐺3(𝜎2+𝜎1+𝜇𝐻)𝐺8𝛽𝑣Λ𝑣𝜇𝐻𝛼𝑏𝛽𝐻(𝜎1+𝜇𝐻)

Λ𝐻𝜇𝑣𝐺2𝐺3(𝜎2+𝜎1+𝜇𝐻)𝐺8
.        (23) 

Where𝐺1 =(𝜎2 + 𝜇𝐻), 𝐺2 =(𝛼 + 𝜇ℎ), 𝐺3 =(𝜃 + 𝛿 + 𝜇ℎ), 𝐺4 =(𝜔 + 𝜙𝛿 + 𝜇𝐻), 
𝐺5 = (𝜎1 + 𝜇𝐻), 𝐺6 = (𝜌 + 𝜇𝐻), 𝐺7 =𝜇𝑉 , 𝐺8 = (𝛿𝑉 + 𝜇𝑉).  
 
Endemic Equilibrium Point 
The endemic equilibrium represents a state in which Dengue fever persists continuously within the human population 
over time. 
At endemic equilibrium point 𝑆𝐻 ≠ 0, 𝐸𝐻 ≠ 0, 𝐼𝐻 ≠0, 𝑇𝐻 ≠0, 𝑉𝐻 ≠0, 𝑅𝐻 ≠0, 𝑆𝑉 ≠ 0, 𝐼𝑉 ≠0. We obtain the following endemic equilibrium points: 
𝑆𝐻
** = −

Λ𝐻𝐺2𝐺3𝐺4𝐺5𝐺6
((−𝜆𝐻−𝐺1)𝐺5+𝜎1𝜎2)𝐺3𝐺4𝐺6𝐺2+𝛼𝜔𝜌𝜃𝐺5𝜆𝐻

, 
 

𝐸𝐻
** = −

Λ𝐻𝐺3𝐺4𝐺5𝐺6𝜆𝐻
((−𝜆𝐻−𝐺1)𝐺5+𝜎1𝜎2)𝐺3𝐺4𝐺6𝐺2+𝛼𝜔𝜌𝜃𝐺5𝜆𝐻

, 
 

𝐼𝐻
** = −

𝛼Λ𝐻𝐺4𝐺5𝐺6𝜆𝐻
((−𝜆𝐻−𝐺1)𝐺5+𝜎1𝜎2)𝐺3𝐺4𝐺6𝐺2+𝛼𝜔𝜌𝜃𝐺5𝜆𝐻

, 
 𝑇𝐻

** = −
𝛼Λ𝐻𝐺5𝐺6𝜆𝐻𝜃

((−𝜆𝐻−𝐺1)𝐺5+𝜎1𝜎2)𝐺3𝐺4𝐺6𝐺2+𝛼𝜔𝜌𝜃𝐺5𝜆𝐻
,        (24)

 𝑉𝐻
** = −

Λ𝐻𝐺2𝐺3𝐺4𝐺6𝜎2
((−𝜆𝐻−𝐺1)𝐺5+𝜎1𝜎2)𝐺3𝐺4𝐺6𝐺2+𝛼𝜔𝜌𝜃𝐺5𝜆𝐻

, 
 𝑅𝐻

** = −
𝜃𝜆𝐻𝐺5Λ𝐻𝜔𝛼

𝛼𝜔𝜌𝜃𝐺5𝜆𝐻−𝐺1𝐺2𝐺3𝐺4𝐺5𝐺6−𝐺2𝐺3𝐺4𝐺5𝐺6𝜆𝐻+𝐺2𝐺3𝐺4𝐺6𝜎1𝜎2
, 

 
𝑆𝑉
** =

Λ𝑉(
𝛼𝜔𝜃𝐺5𝜆𝐻+𝛼𝜃𝐺5𝐺6𝜆𝐻+𝛼𝐺4𝐺5𝐺6𝜆𝐻+𝐺2𝐺3𝐺4𝐺5𝐺6
+𝐺2𝐺3𝐺4𝐺6𝜎2+𝐺3𝐺4𝐺5𝐺6𝜆𝐻

)

𝛼𝜔𝜃𝐺5𝐺7𝜆𝐻+𝛼𝜃𝐺5𝐺6𝐺7𝜆𝐻+𝛼𝐺4𝐺5𝐺6𝐺7𝜆𝐻+𝛽𝑉𝛼𝐺4𝐺5𝐺6𝜆𝐻
+𝐺2𝐺3𝐺4𝐺5𝐺6𝐺7+𝐺2𝐺3𝐺4𝐺6𝐺7𝜎2+𝐺3𝐺4𝐺5𝐺6𝐺7𝜆𝐻

,  

 
𝐼𝑉
** =

𝐺4𝐺5𝐺6𝛽𝑉𝜆𝐻𝛼Λ𝑉

𝐺8(
𝛼𝜔𝜃𝐺5𝐺7𝜆𝐻+𝛼𝜃𝐺5𝐺6𝐺7𝜆𝐻+𝛼𝐺4𝐺5𝐺6𝐺7𝜆𝐻+𝛽𝑉𝛼𝐺4𝐺5𝐺6𝜆𝐻
+𝐺2𝐺3𝐺4𝐺5𝐺6𝐺7+𝐺2𝐺3𝐺4𝐺6𝐺7𝜎2+𝐺3𝐺4𝐺5𝐺6𝐺7𝜆𝐻

)
.  

Substituting into the force of infections: 𝜆𝐻 =
𝑏𝛽𝐻𝐼𝑉

𝑁𝐻
and 𝜆𝑉 =

𝛽𝑉𝐼𝐻

𝑁𝐻
. 

We have: 
𝑃1𝜆𝐻

2 + 𝑃2𝜆2 + 𝑃3 =0.     
Where 

𝑃1 =

(

 
 
 

𝛼2𝜔2𝜃2𝐺5
2𝐺7𝐺8 + 2𝛼

2𝜔𝜃2𝐺5
2𝐺6𝐺7𝐺8 + 2𝛼

2𝜔𝜃𝐺4𝐺5
2𝐺6𝐺7𝐺8

+𝛼2𝜔𝜃𝐺4𝐺5
2𝐺6𝐺8𝛽𝑉 + 𝛼

2𝜃2𝐺5
2𝐺6

2𝐺7𝐺8 + 2𝛼
2𝜃𝐺4𝐺5

2𝐺6
2𝐺7𝐺8

+𝛼2𝜃𝐺4𝐺5
2𝐺6

2𝐺8𝛽𝑉 + 𝛼
2𝐺4

2𝐺5
2𝐺6

2𝐺7𝐺8 + 𝛼
2𝐺4

2𝐺5
2𝐺6

2𝐺8𝛽𝑉
+2𝛼𝐺3𝐺4

2𝐺5
2𝐺6

2𝐺7𝐺8𝜆𝐻
2 + 2𝛼𝜔𝜃𝐺3𝐺4𝐺5

2𝐺6𝐺7𝐺8
+2𝛼𝜃𝐺3𝐺4𝐺5

2𝐺6
2𝐺7𝐺8 + 𝛼𝐺3𝐺4

2𝐺5
2𝐺6

2𝐺8𝛽𝑉 + 𝐺3
2𝐺4

2𝐺5
2𝐺6

2𝐺7𝐺8)

 
 
 
, 
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𝑃2 =

(

 
 
 
 

2𝛼𝜔𝜃𝐺2𝐺3𝐺4𝐺5
2𝐺6𝐺7𝐺8𝜆𝐻 + 2𝛼𝜔𝜃𝐺2𝐺3𝐺4𝐺5𝐺6𝐺7𝐺8𝜆𝐻𝜎2

+2𝛼𝜃𝐺2𝐺3𝐺4𝐺5
2𝐺6

2𝐺7𝐺8𝜆𝐻 + 2𝛼𝜃𝐺2𝐺3𝐺4𝐺5𝐺6
2𝐺7𝐺8𝜆𝐻𝜎2

+2𝛼𝜃𝐺3𝐺4𝐺5
2𝐺6

2𝐺7𝐺8𝜆𝐻
2 + 2𝛼𝐺2𝐺3𝐺4

2𝐺5
2𝐺6

2𝐺7𝐺8𝜆𝐻
+𝛼𝐺2𝐺3𝐺4

2𝐺5
2𝐺6

2𝐺8𝛽𝑉𝜆𝐻 + 2𝛼𝐺2𝐺3𝐺4
2𝐺5𝐺6

2𝐺7𝐺8𝜆𝐻𝜎2
+𝛼𝐺2𝐺3𝐺4

2𝐺5𝐺6
2𝐺8𝛽𝑉𝜆𝐻𝜎2 + 2𝐺2𝐺3

2𝐺4
2𝐺5

2𝐺6
2𝐺7𝐺8𝜆𝐻

+2𝐺2𝐺3
2𝐺4

2𝐺5𝐺6
2𝐺7𝐺8𝜆𝐻𝜎2 )

 
 
 
 

,  

𝑃3 = 𝐺1𝐺2(1 − (𝑅0
𝐷)2).           (25) 

The endemic equilibrium points are obtained from solving for 𝜆𝐻** in the polynomial, and substituting the positive values of 
𝜆𝑉
**  into the expression  𝜆𝐻** , Furthermore, it follows that the coefficient  is always positive , and is positive (negative ) if 𝑅0𝐷  

is less (greater) than one.  
 
Fractional order model numerical results  
To solve the fractional-order Dengue fever model numerically, we used the generalized fractional Adams-Bashforth-
Moulton method developed by Amos et al. (2024). The parameter values we used in the simulation are listed in Table 2, 
which also shows the different fractional-order values(𝜗) we tested. 
 Implementation of fractional Adams–Bashforth–Moulton method  
The method described by Jalija et al. (2026) has been applied in this study. Using the fractional Adams-Bashforth-Moulton 
method, we derived an approximate solution for the fractional Dengue fever model presented in equation (6). The 
fractional model (6) is now 𝐷𝑐 𝑡

𝜗𝐻(𝑡) = 𝑄(𝑡, 𝑞(𝑡)), 0 < 𝑡 < 𝜗,      (26) 
𝐻(𝑛)(0) = 𝐻0

(𝑛), 𝑛 = 1,0, . . . , 𝑞, 𝑞 = [𝜅].  
Where 𝐻 = (𝑆𝐻* , 𝐸𝐻* , 𝐼𝐻* , 𝑇𝐻* , 𝑉𝐻* , 𝑅𝑍* 𝑆𝑉* , 𝐼𝑉* ) ∈ 𝑅+

8  and 𝑊(𝑡, 𝑞(𝑡)) is a real valued function that is continuous. Eq. (27) can be 
therefore be represented using the concept of fractional integral as follows; 

𝐻(𝑡) = ∑ 𝐻0
(𝑛)𝑚−1

𝑛=0
𝑡𝑛

𝑛!
+

1

Γ(𝜗)
∫ (𝑡 − 𝑦)
𝑡

0

𝜗−1
𝑅(𝑘,𝑚 (𝑘))𝑑𝑘       (27) 

Using the method described by Amos et al.(2024), we let the step size 𝑔 = 𝜗

𝑁
, 𝑁 ∈ Ν with a grid that is uniform on  [0, 𝜗]. 

Where 𝑡𝑐 = 𝑐𝑟, 𝑐 = 0,1,1, . . . 𝑁. Therefore, and the fractional order model of Dengue fever model presented in (6) can be 
approximated as:  

𝑆𝐻(𝑘+1)(𝑡) = 𝑆𝐻0 +
𝑔𝜗

Γ(𝜗+2)
{Λ𝐻 + 𝜌𝑅𝐻𝑛 + 𝜎1𝑉𝐻𝑛 −

𝑏𝛽𝐻𝐼𝑉
𝑛

𝑁𝐻
𝑛 𝑆𝐻

𝑛 − (𝜎2 + 𝜇𝐻)𝑆𝐻
𝑛} +

𝑔𝜗

Γ(𝜗+2)
∑ 𝑑𝑦, 𝑘 + 1 {Λ𝐻 + 𝜌𝑅𝐻𝑦 + 𝜎1𝑉𝐻𝑦 −𝑘
𝑦=0

𝑏𝛽𝐻𝐼𝑉𝑦

𝑁𝐻𝑦
𝑆𝐻𝑦 − (𝜎2 + 𝜇𝐻)𝑆𝐻𝑦},   

𝐸𝐻(𝑘+1)(𝑡) = 𝐸𝐻0 +
𝑔𝜗

Γ(𝜗+2)
{
𝑏𝛽𝐻𝐼𝑉

𝑛

𝑁𝐻
𝑆𝐻
𝑛 − (𝛼 + 𝜇𝐻)𝐸𝐻

𝑛} +
𝑔𝜗

Γ(𝜗+2)
∑ 𝑑𝑦, 𝑘 + 1 {

𝑏𝛽𝐻𝐼𝑉𝑦

𝑁𝐻𝑦
𝑆𝐻𝑦 − (𝛼 + 𝜇𝐻)𝐸𝐻𝑦}

𝑘
𝑦=0 ,  

𝐼𝐻(𝑘+1)(𝑡) = 𝐼𝐻0 +
𝑔𝜗

Γ(𝜗+2)
{𝛼𝐸𝐻

𝑛 − (𝜃 + 𝛿 + 𝜇𝐻)𝐼𝐻
𝑛} +

𝑔𝜗

Γ(𝜗+2)
∑ 𝑑𝑦, 𝑘 + 1{𝛼𝐸𝐻𝑦 − (𝜃 + 𝛿 + 𝜇𝐻)𝐼𝐻𝑦}
𝑘
𝑦=0 ,  

𝑇𝐻(𝑘+1)(𝑡) = 𝑇𝐻0 +
𝑔𝜗

Γ(𝜗+2)
{𝜃𝐼𝐻

𝑛 − (𝜔 + 𝜙𝛿 + 𝜇𝐻)𝑇𝐻
𝑛} +

𝑔𝜗

Γ(𝜗+2)
∑ 𝑑𝑦, 𝑘 + 1{𝜃𝐼𝐻𝑦 − (𝜔 + 𝜙𝛿 + 𝜇𝐻)𝑇𝐻𝑦}
𝑘
𝑦=0 ,  (28) 

𝑉𝐻(𝑘+1)(𝑡) = 𝑉𝐻0 +
𝑔𝜗

Γ(𝜗+2)
{𝜎2𝑆𝐻

𝑛 − (𝜎1 + 𝜇𝐻)𝑉𝐻
𝑛} +

𝑔𝜗

Γ(𝜗+2)
∑ 𝑑𝑦, 𝑘 + 1{𝜎2𝑆𝐻𝑦 − (𝜎1 + 𝜇𝐻)𝑉𝐻𝑦}
𝑘
𝑦=0 ,  

𝑅𝐻(𝑘+1)(𝑡) = 𝑅𝐻0 +
𝑔𝜗

Γ(𝜗+2)
{𝜔𝑇𝐻

𝑛 − (𝜌 + 𝜇𝐻)𝑅𝐻
𝑛} +

𝑔𝜗

Γ(𝜗+2)
∑ 𝑑𝑦, 𝑘 + 1{𝜔𝑇𝐻𝑦 − (𝜌 + 𝜇𝐻)𝑅𝐻𝑦}
𝑘
𝑦=0 ,  

𝑆𝑉(𝑘+1)(𝑡) = 𝑆𝑉0 +
𝑔𝜗

Γ(𝜗+2)
{Λ𝑉 −

𝛽𝑉𝐼𝑉
𝑛

𝑁𝐻
𝑛 𝑆𝑉

𝑛 − 𝜇𝑉𝑆𝑉
𝑛} +

𝑔𝜗

Γ(𝜗+2)
∑ 𝑑𝑦, 𝑘 + 1 {Λ𝑉 −

𝛽𝑉𝐼𝐻𝑦

𝑁𝐻
𝑆𝑉𝑦 − 𝜇𝑉𝑆𝑉𝑦}

𝑘
𝑦=0 ,  

𝐼𝑉(𝑘+1)(𝑡) = 𝐼𝑉0 +
𝑔𝜗

Γ(𝜗+2)
{
𝛽𝑉𝐼𝐻

𝑛

𝑁𝐻
𝑛 𝑆𝑉

𝑛 − (𝛿𝑉 + 𝜇𝑉)𝐼𝑉
𝑛} +

𝑔𝜗

Γ(𝜗+2)
∑ 𝑑𝑦, 𝑘 + 1 {

𝛽𝑉𝐼𝐻𝑦

𝑁𝐻
𝑆𝑉𝑦 − (𝛿𝑉 + 𝜇𝑉)𝐼𝑉𝑦}

𝑘
𝑦=0 .  

 
Where  

𝑆𝐻(𝑘+1)
𝑛 (𝑡) = 𝑆𝐻0 +

1

Γ(𝜗)
∑ 𝑓𝑦,𝑘+1
𝑘
𝑦=0 {Λ𝐻 + 𝜌𝑅𝐻𝑦 + 𝜎1𝑉𝐻𝑦 −

𝑏𝛽𝐻𝐼𝑉𝑦

𝑁𝐻𝑦
𝑆𝐻𝑦 − (𝜎2 + 𝜇𝐻)𝑆𝐻𝑦},  

𝐸𝐻(𝑘+1)
𝑛 (𝑡) = 𝐸𝐻0 +

1

Γ(𝜗)
∑ 𝑓𝑦,𝑘+1
𝑘
𝑦=0 {

𝑏𝛽𝐻𝐼𝑉𝑦

𝑁𝐻𝑦
𝑆𝐻𝑦 − (𝛼 + 𝜇𝐻)𝐸𝐻𝑦},  

𝐼𝐻(𝑘+1)
𝑛 (𝑡) = 𝐼𝐻0 +

1

Γ(𝜗)
∑ 𝑓𝑦,𝑘+1
𝑘
𝑦=0 {𝛼𝐸𝐻𝑦 − (𝜃 + 𝛿 + 𝜇𝐻)𝐼𝐻𝑦},  

𝑇𝐻(𝑘+1)
𝑛 (𝑡) = 𝑇𝐻0 +

1

Γ(𝜗)
∑ 𝑓𝑦,𝑘+1
𝑘
𝑦=0 {𝜃𝐼𝐻𝑦 − (𝜔 + 𝜙𝛿 + 𝜇𝐻)𝑇𝐻𝑦},  

𝑉𝐻(𝑘+1)
𝑛 (𝑡) = 𝑉𝐻0 +

1

Γ(𝜗)
∑ 𝑓𝑦,𝑘+1
𝑘
𝑦=0 {𝜎2𝑆𝐻𝑦 − (𝜎1 + 𝜇𝐻)𝑉𝐻𝑦},        (29) 

𝑅𝐻(𝑘+1)
𝑛 (𝑡) = 𝑅𝐻0 +

1

Γ(𝜗)
∑ 𝑓𝑦,𝑘+1
𝑘
𝑦=0 {𝜔𝑇𝐻𝑦 − (𝜌 + 𝜇𝐻)𝑅𝐻𝑦},  
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𝑆𝑉(𝑘+1)
𝑛 (𝑡) = 𝑆𝑉0 +

1

Γ(𝜗)
∑ 𝑓𝑦,𝑘+1
𝑘
𝑦=0 {Λ𝑉 −

𝛽𝑉𝐼𝐻𝑦

𝑁𝐻
𝑆𝑉𝑦 − 𝜇𝑉𝑆𝑉𝑦},  

𝐼𝑉(𝑘+1)
𝑛 (𝑡) = 𝐼𝑉0 +

1

Γ(𝜗)
∑ 𝑓𝑦,𝑘+1
𝑘
𝑦=0 {

𝛽𝑉𝐼𝐻𝑦

𝑁𝐻
𝑆𝑉𝑦 − (𝛿𝑉 + 𝜇𝑉)𝐼𝑉𝑦}.  

From (29) and (30) obtained: 
𝑑𝑦,𝐾+1= 𝐾

𝜗+1 − (𝑘 − 𝜗)(𝑘 + 𝜗)𝜗, 𝑦 = 0.  
(𝑘 − 𝑦 + 2)𝜗+1 + (𝑘 − 𝜗)𝜗+1 − 2(𝑘 − 𝑦 + 1)𝜗+1, 1 ≤ 𝑦 ≤ 𝑘 

 
and 𝑓𝑦,𝑘+1 =

𝑔𝜗

𝜗
[(𝑘 − 𝑦 + 1)𝜗(𝑘 − 𝑦)𝜗], 0 ≤ 𝑦 ≤ 𝑘. 

 
Importance of using the fractional Adam-Bashforth Moulton method in obtaining the numerical solutions of the 
model 

1. The fractional Adams-Bashforth-Moulton method requires only one extra function evaluation per step and retains 
the high-order accuracy. 

2. This method has error control and is widely used for integration in ODE solvers. 
3. This method is a powerful tool for numerical solution of partial and fractional-order differential equations and has 

wide applications in engineering, chemistry, medicine, etc. 
 
Table 2: Table of parameter values used for Numerical Simulation 

Parameters Values Sources 
Λℎ 500 Garba et al. (2008) 
Λ𝑉  10,000,000 Garba et al. (2008) 
𝜇𝐻  0.02041 Samir et al.(2013) 
𝜇𝑉  0.5 Samir et al.(2013) 
𝛽𝐻  0.5 Garba et al. (2008) 
𝛽𝑉  0.4 Garba et al. (2008) 
𝜌 0.1 Garba et al. (2008) 
𝜔 0.3254 Garba et al. (2008) 
𝛿 0.365 Samir et al.(2013) 
𝛿𝑉  0.21 Assumed 
𝛼 0.3 Jalija et al.(2025) 
𝜃 0.5 Assumed 
𝜎1 0.03 Assumed 
𝜎2 0.5 Jalija et al.(2025) 
𝜙 0.5 Assumed 

 
RESULTS AND DISCUSSION 
Numerical simulation 

 
Figure 2a: Simulation of the effect of 𝜎2 on susceptible 
human population 

 
Figure 2b: Simulation of the effect of 𝜎2 on exposed human 
population 
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Figure 2c: Simulation of the effect of 𝜎2 on infected human 
population 

 
Figure 2d: Simulation of the effect of 𝜎2 on human 
population on treatment 

 
Figure 2e: Simulation of the effect of 𝜃 on exposed human 
population 

 
Figure 2f: Simulation of the effect of 𝜃 on infected human 
population 

 
Figure 2g: Simulation of the effect of 𝛽𝐻  on exposed 
human population 

 
Figure 2h: Simulation of the effect of 𝛽𝐻  on infected human 
population 
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Figure 2i: Simulation of the effect of 𝜗 on infected human 
population 

 
Figure 2j: Simulation of the effect of 𝜗 on exposed human 
population 

 
Figure 2k: Surface plot showing the effect of 𝜎2 and 𝜃on 
𝑅0
𝐷  

 
Figure 2l: Contour plot showing the effect of 𝜎2 and 𝜃on 
𝑅0
𝐷  

 
Figure 2a, shows how the vaccination rate 𝜎2affects the 
number of people susceptible to Dengue fever. The higher 
the vaccination rate𝜎2, the faster the susceptible 
population drops over time. Figure 2b shows the impact on 
the exposed population. As the vaccination rate 𝜎2goes up, 
the number of exposed individuals falls sharply as time 
goes on. In Figure 2c, we observe a similar trend for 
infected people. A higher vaccination rate  𝜎2leads to a 
clear and significant decline in the infected population 
over time. Figure 2d illustrates what happens to those 
receiving treatment for Dengue. As vaccination coverage 
𝜎2 increases, fewer people end up needing treatment, and 
the treated population steadily decreases over time. 
Figure 2e looks at how the treatment 𝜃 rate influences the 
number of people exposed to Dengue fever. As treatment 
rates𝜃 rise, the exposed population drops noticeably over 
time. In Figure 2f, we turn to the infected population. The 
pattern is similar: with higher treatment rates𝜃, the 
number of infected individuals falls significantly as time 

goes on. Figure 2g explores the role of the contact rate 𝛽𝐻. 
Unsurprisingly, when contact rates 𝛽𝐻  increase, the 
exposed population grows substantially over time. Figure 
2h shows the effect on infected individuals. As the contact 
rate 𝛽𝐻  goes up, the infected population also rises sharply 
over the course of the simulation. Figure (2i) looks at how 
the fractional order 𝜗affects the number of people 
exposed to Dengue fever. As the fractional order 
𝜗increases, the exposed population grows significantly 
over time. Similarly, Figure (2j) shows the impact on 
infected individuals. When the fractional order 𝜗goes up, 
the infected population also rises sharply as time 
progresses. Figure (2k), illustrates the shape of the 
relationship between 𝜃 and 𝜎2 on 𝑅0𝐷. The curve shows that 
the maximum value reached is 0.8, and the key parameter 
remains below one (1). This suggests that even if we push 
𝜃 and 𝜎2further, they probably won't cause a major spike in 
Dengue infections. Finally, (2l) reveals something more 
encouraging: when 𝜃 and 𝜎2increase, the basic 
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reproduction number 𝑅0𝐷  drops below one much earlier. 
This means that boosting 𝜃 and 𝜎2can eventually help 
reduce the overall impact of Dengue fever on the human 
population. 
 
CONCLUSION 
Finally, the fractional order mathematical model obtained 
in this study has given a better understanding of 
transmission dynamics and control mechanisms of 
Dengue fever in a susceptible population. By introducing 
the FD, the model provides a more realistic description of 
the disease dynamics since it reflects memory effects and 
the hereditary nature of the disease transmission process. 
The analytical and numerical studies showed that disease 
control and possible elimination are improved when 
effective vaccination and treatment policies reduce the 
basic reproduction number to less than unity. The study 
also confirmed that the enhanced effective contact rates 
between susceptible and infected vectors play significant 
roles in the persistence and fast propagation of Dengue 
fever in the population. The numerical simulation showed 
that reducing vector-human interactions, making 
treatment accessible, and increasing vaccination 
coverage are essential to reduce the prevalence and 
mortality due to Dengue infection. Furthermore, the 
numerical simulation results verified that the proposed 
model is stable and reliable for different fractional-order 
operators, suggesting that fractional calculus is a useful 
tool for handling complex epidemiological systems. The 
findings further highlight the need for both pharmaceutical 
and non-pharmaceutical interventions, such as vector 
control, environmental sanitation, public health 
awareness campaigns, early diagnosis, and prompt 
medical treatment, as crucial tools in the fight against 
Dengue fever outbreaks. Hence, for a successful control 
and eventual elimination of Dengue fever, particularly in 
endemic areas, continuous endeavours by the 
government and public health agencies towards 
immunization programmes, effective vector control 
measures, development of an improved health delivery 
system, and the continuous creation of public awareness 
are highly recommended. Finally, the developed model 
can provide a useful mathematical framework for future 
studies on Dengue fever and other vector-borne infectious 
diseases based on fractional order models. 
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