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ABSTRACT

The rapid transmission and the increasing prevalence of Dengue
fever make it a great public health challenge in the world, especially
in tropical and subtropical regions. For this study, a fractional-
order mathematical model was formulated to study the Dengue
fever transmission dynamics and control. Important
epidemiological parameters, including vaccination, treatment, and
effective contact rates, were included in the model. Qualitative
analysis confirmed that the model solutions exist, are unique,
positive, and bounded, and that the basic reproduction number is
computable to determine the conditions for the persistence and
control of the disease. They found that higher vaccination and
treatment coverage translates into decreased transmission and
the reproduction number becoming less than 1, which is a good
indicator of disease elimination. On the other hand, high contact
rates were seen to be favorable for the spread and persistence of
the infection. The analytical results were also supported with
numerical simulations, contour plots, and surface plots, which
showed that the prevalence of Dengue fever can only be reduced if
intervention strategies are implemented in all aspects, such as
vaccination, treatment, vector control, and reduction of
transmission pathways. The results of this study help to
understand the dynamics of Dengue transmission and offer
valuable information to policy makers, health workers, and
researchers for prevention, control, and potentially eradication of
Dengue fever in endemic areas in the context of achieving
sustainable solutions.

INTRODUCTION

Dengue feveris a vector-borne virus disease and is caused

the worldwide. The disease is endemic in Western Pacific
regions  (particularly), Southeast Asia, Eastern

by a virus called the dengue virus. The virus is classified in
the Flavivirus family and is comprised of four serotypes
(DENV-1, DENV-2, DENV-3 and DENV-4) (Gubler, 1998).
Dengue fever is a significant public health problem and is
widely spread throughout tropical and subtropical areas of

This work is licensed under the Creative Commons
Attribution 4.0 International License

Mediterranean and Americas (World Health Organization
[WHOQ], 2018; Bhatt et al. 2013). According to Bhatt et al.
(2013), more than 390 million people are infected with
Dengue virus annually and Dengue fever is one of the
fastest spreading mosquito-borne viral diseases in the
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world. Now, more than 100 countries around the world are
affected by Dengue fever (Brady et al., 2012).

Dengue fever is spread to humans via infected female
Aedes mosquitoes, particularly Aedes aegypti (Dengue
Virus Net, 2019). In some people infected, the disease can
manifest as a mild infection or as Dengue haemorrhagic
fever (DHF) and Dengue shock syndrome (DSS), which may
cause death without proper treatment (Halstead et al.,
1970). According to the World Health Organization (2019),
overtheyearsthere has been adramaticriseinthe number
of cases of severe Dengue, especially Dengue
hemorrhagic fever, which is having a great impact on
health systems around the world.

Dengue virus is transmitted by an infected mosquito with
the virus attached when a susceptible person gets bitten
by it (Dengue virus Net, 2019). After recovery from an
infection with one serotype of Dengue virus, there is partial
or complete immunity to that serotype, but infection with
other serotypes can still occur (Halstead et al., 1970).
Although various attempts have been made to find antiviral
specific treatment for Dengue fever, there is none other
than supportive care (such as fluid replacement therapy)
and symptomatic treatment (Dengue virus Net, 2018).
Moreover, despite significant advances in Dengue vaccine
research, a completely effective and widespread vaccine
is still a challenge (World Health Organization, 2017). The
World Health Organization (2017) reported that efforts
around the world to develop a vaccine for Dengue have
been stepped up over the last few years, and that Mexico
was one of the first countries to approve a Dengue vaccine
for use in the public population.

The focus of researchers now is on fractional calculus
since fractional derivatives support expert knowledge of
the dynamics of physical systems as indicated by Atokolo
et al. (2022). In the fractional order system model, total
systems are described and not local systems as used by
the integer order system models. This type of modelling
provides a more accurate description of systems with
memory Atokolo et al (2022).

Fractional order models are preferred in terms of realistic
and practicality compared to integer order models.
Singular kernel fractional derivatives such as the Riemann-
Liouville derivative and Caputo derivative are used in
biological problems. The Atangana-Baleanu operator as
well as Mittag-Leffler operator is part of the non-singular
type of derivative. Atokolo et al (2022), used the technique
of LADM to control Zika virus infection using a fractional
order sterile insect technology (SIT) whose solutions were
given in the form of converging infinite series, giving exact
solutions. Atokolo et al (2024) showed a fractional order
mathematical model of the epidemiological parameters of
the Lassa fever viral infection, and used a fractional order
derivative with a power law function to investigate the
impact of treatment and vaccination on the dynamics of
the viral spread of Lassa fever. Yunus et al (2023),
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investigated the COVID-19 spread in Nigeria using LADM
and Caputo fractional-order derivative, which confirmed
that recovery rates in normal situations were higher due to
the provision of treatment and vaccinations. Omede et al
(2024) formulated a fractional order model for Soil
Transmitted Helminth (STH) infection incorporating the
Caputo derivative and solved it by the use of LADM series
solution. Their study confirmed that the series
convergence results in the accuracy solution and the
fractional order model is more flexible than the standard
model. Amos et al (2024) developed a fractional
mathematical model of hepatitis C transmission dynamics
through contact rates and treatment and also created the
Adams-Bash-forth Moulton method which showed that the
disease can be reduced by decreasing the contact rates,
increasing the treatment rates and the fractional model is
more flexible than the standard model. Ahmed et al (2021),
created a prediction model for the co-epidemic of HIV and
COVID-19 transmissions based on ABC-fractional order
derivative.

The study by Omame et al (2022), studied a fractional order
model of co-infection of hepatitis B virus and COVID-19
with Atangana-Baleanu derivative and concluded that
prevention is the only way to control the disease. Acheneje
et al (2024), developed a fractional order transmission
dynamics model for the co- infection of COVID-19 and
Monkey pox and used LADM for an approximate solution
and real data fitting as well. The investigation showed that
the development of additional treatment facilities would
decrease the disease cases. Smith et al (2023), studied
Modeling on the Co- infection Dynamics of Hepatitis C and
COVID-19 by reviewing recent mathematical modeling
studies of hepatitis C and COVID-19 co-infection. The
review discusses the standard modelling procedure and
important results of interest, and suggests new areas for
research. Atokolo et al. (2023), created a mathematical
model for the transmission of vector-borne diseases with
vertical transmission and prevention.

Their advantages are mainly attributed to the
simultaneous flexibility and non-locality aspects of
fractional order models. Data can be better modelled by
using fractional derivatives because of their flexibility,
compared to classical derivatives. These derivatives can
offer advantages by their ability to measure non-locality
that classical derivatives can't. By means of their fractional
operator, fractional order models have a memory property
that classical models do not exhibit. Nowadays, Fractional
differential equations are employed as a method in the
solution of problems by the modern scientists. Ullah et al
(2020), presented research which Das et al (2024),
described about the solution of fuzzy Volterra integral
equations with degenerate kernels, by employing a
combination method. Researchers have combined the
Laplace transform method with Adomian Decomposition
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for advancing the theory of fuzzy analytical dynamic
equations due to their great impact in this area.

The study is of keen interest because of the discovery of
insights for fuzzy analytical dynamic equation theory. Ali et
al (2017) studied three point boundary value problem with
respect to its existence and stability analysis. Using a non-
linear fractional approach, the authors analysed several
types of Ulam stability.

There are various mathematic models used for control and
analysis of infectious diseases, in particular, Dengue fever.
The Laplace-Adomain Transformation Method has been
employed to obtain approximate solutions for Lassa fever
models of fractional orders and the fractional-order model
has been developed to investigate the dynamics of the
spread of HIV/AIDS and COVID-19. Fractional-order
models are used to study the impacts of antiretroviral
therapy (ART) using novel type-2 fuzzy logic controllers in
Dengue fever models.

The fractional-order models are very useful because of
their superior flexibility, non-locality and memory effects.
Fractional derivatives result in better models in data fitting
as they are more flexible and accurate than classical
derivatives. Models show proficiency in exhibiting memory
effects which classical models cannot. In recent studies,
researchers Ullah et al (2020), and Ali et al (2017) have
shown that there is a growing interest in applications of
fractional calculus for modeling of complex systems due
to their research on fuzzy Volterra integral equations and
stability in three-point boundary value problems.

In this paper, we first give sufficient conditions for
existence and uniqueness of the solutions of a fractional-
order Dengue fever model, do stability analysis of the
endemic equilibrium by using the Lyapunov function
method, numerically solve the model by using the
fractional Adams-Bashforth-Moulton method and
simulate the model to show the dynamics of the model.

A thorough review of existing literature reveals that the
literature has not incorporated the fractional calculus with
Adams-Bashforth-Moulton method for the study of the
Dengue fever disease and its control.

Definition 1: Let f € A"(R),The left and right Caputo
fractional derivatives of the functionf are then defined as:

DIfF(e) = (¢ °D; 9 ()" (1))

DY) = g fy (E = D" ")) dr ()
Similarly

Dff©) = (07" (22)" £ ()

DYf(t) = ,((,f’ﬂ)f (@ -or271fm@)) da,

Definition 2: The generalized Mittag-Leffler function
Egp(x)forx € Ris given by:

Eop(0) = Sncoromgy OB > 0. (2)
which can be denoted as;
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(3)
(3.1)

Eﬁﬁ(x) = xElwx H+B(x) +— I'(ﬁ)

Egp(x) = L[tFEy, p(xwt?)] =

s§+m

Proposition 1

Letf EA”(R)NC(R)andY ER,N—1<VI <,
Therefore, the conditions given below is satisfied:

1. DI f (1) = f(£), (3.2)

2.12D2F () = F() — SRk S £ (t,). ()

Model Formulation

The integer-order model classifies the Dengue fever
infected individuals into eight categories: Susceptible
humans (Sy), Exposed individuals (Ey), Dengue fever
infected individuals (Iy), individuals receiving Dengue
fever treatment (Ty),, Vaccinated human population
against Dengue fever (V) , Recovered human population
from Dengue fever (Ry), susceptible vectors (S,) , and
infected vectors (Iy).

Susceptible humans to Dengue fever (Sy) are recruited at
the rate of (Ay), The group decreases due to the natural
death rate among humans (i )and vaccination at the rate
of (g,), the recovery rate due to treatment is denoted as
(w) , the rate at which recovered individuals become
susceptible again is represented as p , and vaccine failure
rate (g,) , Several parameters influencing the susceptible
humans are (By, By) respectively.

Therefore, we write the dynamics of susceptible
individuals as follows:

d;tH =Ay +pRy + 01Vy — A4Sy — (0, + ) S,

Dengue fever exposed humans (Ey): the population is
seeing more new cases and the infection rate (By, By)is
increasing by respectively. The rate of decline of this class
is given by the rate at which exposed humans become fully
infected with Dengue fever(a), and the natural death
rate(uy).

The dynamics of this population is presented here as:

dstH = AySy — (@ + py)Ey,

Dengue fever Infected humans (I;): The number keeps
increasing because Dengue fever sufferers pass the
disease on to others at the rate of () , Natural death rate
(uy)causes the human population size to decrease ,
Tropical diseases like dengue fever, led to human deaths
at given death rates(§) , and treatment rate (6) of infected
humans .

The dynamics of this population is described here by:
= By = 0+ 8+ )l
The growth of human infected with Dengue fever receiving
treatment (Ty)depends on number of human infected with
Dengue fever receiving treatment at rate (6),The
populations sizes decrease as people are cured of their
Dengue fever infections by treatment at the rate of (w) .The

modification parameter that accounts for the decrease in
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the rate at which humans on treatment die due to the
Dengue fever is denoted by ¢. The death rate of humans on
treatment and natural death rate induced by the diseases
are (6) and uy respectively.

The dynamics of this population is then given by:

CH = 0l — (@ + ¢S + )T,

Vaccinated human population against Dengue
fever(V,): When vaccination rates (o,) drop, the number
of people who can still be infected with Dengue goes up.
Over time, this vaccinated population shrinks due to
natural death rate (uy)and the gradual loss of vaccine
protection (waning immunity) at the rate of(a,).

The way this population changes over time is described
below:

d;_tH = 0,5y — (01 + ug)Vy,

Recovered human population from Dengue fever(Ry): The
number of recovered individuals depends largely on the
recovery rate (w) of those receiving treatment. However,
this population declines due to natural death rate of (i)
and the rate at which recovered people lose immunity and

Dengue fever Model Flow Diagram
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become susceptible again which affects how soon they
might relapse back into an infection at the rate of (p).
Here's how this population changes over time:

‘%H = wTy — (p + p)Ry,

Susceptible vector population(S,): New susceptible
vectors are added at a recruitment rate (Ay). This group
shrinks due to two main factors: the rate at which vectors
bite humanspy,, and the natural death rate among the
vector population (uy).

The dynamics of this population are described as follows:
dsy
at
Infected vector population(l,): This group grows as

vectors bite humans at a certain rate (8,). However, it also
shrinks due to two factors: death caused by the attempt to
bite infected humans(d,), and the natural death rate
(uy)among the vector population.

The dynamics of this population are presented as follows:

ar
L= 2y Sy — (6y + uply.

=Ny — AySy — WSy,

dar

PRy
My Sy )
A A8, aE, 61, oT,
NN TN E,—— I “TH =RH
\‘\ I’
7 N l!*’HEH /! l l
o Vy .. ;o (S+pg ) (¢8+uy) T, LR,
0.5y . Ky L
7,
H ’/\\
s \\\
4 ~
A | S
1 v it !L N (5" + 1" ['
— S g’ > (5 +14)
s,

Figure1: Dengue fever model flow Diagram

The Dengue fever transmission dynamics model is shown
in the flow diagram (Figure 1). It shows how people move
between various epidemiological compartments from
susceptible (exposed with effective contact with infected
people) to infected to symptomatic to hospitalize to
recover to deceased. The exposed persons go on to be
infectious. Treatment, vaccinations and transitions related
to the recovery or death of individuals are also included,
along with the population of susceptible vectors and the
population of infected vectors, which represents disease
progression and intervention measures. The diagram
clearly depicts the role of infection, progression,
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treatment, vaccination and natural removal rates in the
transmission of Dengue fever.

Model Equation

dSy

T Ay + pRy + 01V — A4Sy — (02 + ) Sh,

% = Sy — (@ + uy)Ey

gz_f =aEy — (0 +6 + ply,

ddT_tH =0ly — (0 + ¢S + uy)Ty,

dstH = 0,5y — (01 + )V, (5)
dRy

Frale Ty — (p + pg)Ry,
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ds

d_tv =N — &Sy — WSy,

dl

_V = AySy — By + w)ly.
WhereAH = 2Pulv g 2, = BV,

N

Fractional order mathematical model
In this section, we transform integer-order model to
fractional-order as seen below:

bBuI
CDsz =Ay +pRy +01Vy — fv:VSH — (03 + uy)Su,

bByl
CDfEH = fVILVSH — (@ + uy)Ey,
‘DY ly = aBy — (0 + 6 + u)ly, (6)

‘DPTy = 01y — (w + ¢8 + uy)Ty,
‘DPVy = 0,8y — (01 + )V,
‘DYRy = 0Ty — (p + uy)Ry,
‘DYS, =Ny — ﬁVIH SV Ky Sy,
‘Df1, = %Sv = 6y + w)ly.
Subject to the initial conditions

$4(0) = Spo, Ey(0) = Eyo, I3 (0) = Ipyo, Ty(0) =
Th0, Vi (0) = Vigo, R (0) = Ry, Sy (0) = Syo, Iy (0) = Iyo.

Model Analysis

Positivity of model solution

We considered the human population non-negativity of the

initial values,

Ny(t) < 2 as
BH ,

if limsup Ny (t) < u_H’

H

feasible domain is given by:

Q= {(Suts B s T, Vi Rir) © RE: Sy + By + 1y +

Ty + Vi + Ry < 22,1, 7)

so that,

Q =0, cRS,

Hence, Qs positively invariant.

We also considered the vector population non-negativity

of the initial values,

Ny(t) < WV as
Hy )

if limsup Ny, (t) < #—V,

14
feasible domain is given by:
QV = {(SV’IV) C RE:SV + IV S /1,},
by

so that,

Q =0, cR?

Hence,Q is positively invariant.

If Suo, Enos o Taor Vo, Ruo-are non-negative, then the

solution of model (6) will be non-negative for t> 0. From Eq.
(6), selecting the first equation, we obtained;

t o> o

Secondly, then our model

t - oo

Secondly, then our model

JOSRAR 3(3) MAY-JUN 2026 164-178

Puly Sy — (02 + pty)Sy,
Ny

CDZ?SH = /\H + pRH + O—IVH -

bByly

pos, + ( +o,+ MH) Sy =Ay + pRy + Vi,

ButAy + pRy + 0,Vy = Othen,
pgs, + (”ﬁ” L+ 0y + iy ) Su 2 0,
Applying the Laplace transform we obtained:
cpn? bBHly
L[DZsy] +L|( Y+ o, + ) Su| 2 0,
_ byl
S28,(s) — S2715,(0) + (fVLHV + 05+ 1y ) Su(s) 2 0,

)SH 0). (8)

syt
Su(s) = S'9+(—bBHIV+u +u
HH\ "Ny TO2tHH

By taking the inverse Laplace transform, we obtained:
Su(t) = Epgq ( (bBHIV +0o; + MH) 19) SHo- (9)
Now since the term on the right-hand side of Eq. (9) is
positive, we conclude that Sy = 0 fort > 0. In the same
way, we also have that E;=>0,1,=>0T;=>
0,Vy =0,Ry =0,S, =0,I, =0.thatis positives; therefore,
the solution will remain in R for all t > 0 with positive
initial conditions.

Boundedness of fractional model solution

The total human population from our model is given by:

Ny(t) = Su(t) + Ex(t) + 1y (@) + Ty (@) + Vy (0) + Ry (D).

So from our fractional model (6), we now obtain:
¢DP Ny (t) = Df Sy ()+DY Ey () +° DY Iy (£)+° DY Ty (t)

+¢DPVy () +DE Ry (2).

cDP Ny (t) = Ay — uyNy (t) (10)

Taking the Laplace transformation of (10) we obtained;

L[eDI Ny (®)] = LIAy — puNu (O],
SHNu(s) = SNy (0) + uyNy(s) < 71,
a9 = ) + S )

By taking the inverse Laplace transform of Eq. (11
obtained;

Ny(t) < Epo 1 (—uut®)Ny(0) + AyEeg 001 (—uut?), (12)
Att — oo, the limit of Eq. (12) becomes

limSupNy(t) = -

t—w® Uy

: . A
This means that, if Ny, < u_H
H

then Ny (t) < ;ﬂwhich implies that,Ny (t) is bounded.
H

We now conclude that, this regionQ = Qy, is well posed
and equally feasible epidemiologically.
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Existence and uniqueness of our model solution
Let the real non-negative be V we consider U = [0, V[]]
The set of all continuous function that is defined on P is represented by N2(V) with norm as;
IDIl = Sup{ID(O)|,t €V}
Considering model (6) along with the initial conditions specified in (8), this can be represented as an initial value problem
(IVP)in (13).
DED(t) = Z(t,D(t)),0 <t <V < o, (13)
D(0) = D,.
Where D(t) = (Sy (), Ex(©), I5 (), Ty (), Vi (£), Ry (£), Sy (6), I, (£) )represents the classes and Z be a continuous function
defined as follows:

b
( ) Ny + pRy + 0,V — f\ZIIV Sy — (02 + py)Sy
Zy(t,Su () bBuly
Z,(t, Ey(©) Ng Sy — (a+ uy)Ey
Z3(t, 1;(0)) aEy — (60 + 6+ uy)ly
Z,(t, Ty (D) 0ly — (0 + @b + py)Ty
26Dy =1t = , 14
®.D(e) Zs(t,Vy (1)) 0,8y — (01 + u)Vy (14)
Zg(t, Ry (t)) wTy — (p + up)Ry
Z7(t’ SV(t)) /\V - ﬁl‘;IH SV - ”VSV
Zg(t, I, (D) P

1
o LS, — 6y + u)ly
H

Using Proposition 1, we obtain:

bRyl
Su(t) = Syo + 17 [AH + pRy + 01Vy — vaLVSH — (o, + llH)SH],
bRyl
Ey(t) = Eyo + IY [ fszSH —(a+ .uH)EH]: (15)

Iy(®) = Iyo + I [aEy — (6 + 6 + up)ly],
Ty () = Tyo + I2[01y — (@ + 8 + )Ty,
Vi () = Vio + 12 [0,54 — (01 + 1) Vi),
Ry(t) = Ryo + I [0Ty — (p + wa)Ryl,
Sy(®) =Syo + 1Y [AV - %Sv - IJVSV],

I
L®) =l +1 [B;HH Sy — (6y + :uV)IV]'

We now obtained the following;
1 t —
Sim(®) = Suo + 7555 Jy ¢ = D° 712, (A, Sy (W) d A,

1 [[(t=2)" Zz(/i,EH(nil)(ﬁ))d 2,

E, (1)=E,,+

r(9)
Iyn(t) = Iyo + %f;(f — D7 (A lyn-y(D) d A, (16)
1 t _
(0= T gy A 2 (AT, ()02

Vin(®) = Viao + 755 Jy (€ = D225 (A, Vuu-ny () d 4,
Rin(©) = Rug + w5 3 (¢ = P26 (A, Ruuy (D) d 4,
Syn(®) = Syo + == [1(t = )°72; (2, Syuon @) ) d 4,

re)
Iyn () = Iyg + = [ (t = )°7Z5 (A, Iy(n1y (D)) d A.

r)
Transforming equation eq. (13) to get

X(©) = X(0) + 155 fy (€ = D' Z (2, X (D) d & (17)

Lemma 1, The Lipchitz condition described from Eq. (14) is satisfied by vector Z(t, D(t)) on a set [0, V[]8] with the Lipchitz
constant given as:

Y = max ((bﬁ:l + By +o,+ #H): (@ + pup), (0 + 6 + pp), (W + ¢S + uy), (01 + uy), (p + py), wy, By + #V))-
Proof.

169



Jalijaetal, JOSRAR 3(3) MAY-JUN 2026 164-178

12, (t, Su) = Z4 (&, Syl

bByl
= ||/\H + pRy + 01 Vy — ﬁH VSH — (03 + uy)Sy — Ay + pRy + o1 Vy — Sy — (o, + ﬂH)5H1||:
bﬁHIV

= ||_/\H + pRy + 0, Vy — Ng Sy — (03 + uy)Sy — .uH(SH - SHl) + .uH(SH - SH1)|| < (bﬁ; + ﬁ; +o; + #H)”SH -
Suill + ugllSy — Sl = W1Z1(t, Sy) — Z1(t, Syl < (bﬁ; +By+o,+ .“H)”SH = Smll,
Similarly, we obtained the following:

||Z2 (t.E,)-Z,(t,E,, )|| <(a+u,)|E,~E
HZ3 (t.1,)-Z,(t.1,, )H <(0+8+u,)|L, -1,

1Z,(t, Ty )= Zo(t,Tyy Il < (@ + PS8+ I Ty —Tyr |,
1Zs(t Vg ) —Zs(t, Vg DIl < (o1 + i)V — Vigall,

1Z6(t, Ry ) —Ze(t,Ryr DIl < (0 + wdlIRy — Ryl

1Z;(t, Sy) — Z7(t, Sy DIl < W) lISy — Syall,

1Zg(t, Iy ) — Zg(t, Iyr DIl < 6y + w)lly — Iyl

Where we obtained:

1Z(t, D, (6)) — Z(&, D, ()l < YlIDy — Do,

W = max ((bBy; + By + 05 + ), (@ + ), (0 + 8 + 1), (0 + B8 + ), (01 + i), (0 + 1), oy, 8y + 1)) (19)

bﬁHIV

b

Lemma 2. The initial value problem (6), (7) in Eq. (19) exists and will have a unique solution
D(t) € D2(E).
Using Picard Lindelof and fixed-point theory, we consider the solution of

D(t) = Sy(D()),

where S is defined as the Picard operator expressed as ;
Sy:D2(E,R8) - DO(E,R?).

Therefore

Sy(D(©®) = D(0) + rw)f t—-1D?"1Z@A, D)) dA.
which becomes:
”SH(Dl(t)) - SH(Dz(t))”,
- ||$[f (¢ = 077122, D, (D) — 24, D, d A |,

r(ﬁ)f (t =D 12, Dy (D) — Z(4, D, (1)) d All.

< s fy (e = )P ID; - Pl
14(D1(®)) = Su (D) < r(ﬂH)SH

¥ 5, <1 (20)

When r+1)
then the Picard operator gives a contradiction, so Eq.(6), (7) solution is unique.

Disease Free Equilibrium Point

Disease free equilibrium pointis a point where there is no disease in the population

At DFESH * O,EH = O,IH =O'TH =0’VH iO,RH :O,SV * O,IV =0.

(SR Ef 18, TR VA, R, S 19 ) = (S 2b— 0,00, 20— 0,2V 0), @1)

un(oz+01+1g) pu(oz+or+un)’  uy

Basic Reproduction Number

Basic reproduction number Rg:represents the average number of secondary infections caused by a single infected
person. To compute RS, we use the next-generation method specifically, by working with a non-negative matrix F (which
contains the new infection terms) and another matrix V (which covers all other transitions between compartments). The
value of RY is then given by the dominant eigenvalueR? = pFV 1.
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bBH(o1+1H)
0 0 0 e G, 0 0 0
F=|0 0 0 0 yo[—@ G 0 0
0
0

0 0 0 0 -6 G, 0 (22)
o Pvive 0 / 0 0 0 Gg
Ay uy
L 0 0 o0
Gz
Gac Gi 00
— 203 3
vot= fa o 1 4
G2G3G, G3Gs Gy
0 0 0 —
Gg
0 0 0 bpy(o1+un)
(o2+01+pH)Gs
_ 0 0 0 0
FV—1 = )
0 0 0 0
BvAvuna  BvAviH 0

AHUYG2G3 AUV G3
R(l)) _ \//\le‘vGZG3(0'2+Ul+ﬂH)GsﬁvAvﬂHabﬁH(Ul+#H).
AHUyG2G3(02+01+1y)Gg
WhereG; = (03 + uy), G, = (@ + pp), G3 = (0 + 8 + pp), Gy = (0 + $6 + py),
Gs = (01 + 1y), Gg = (p + uy), G; = py, Gg = (6y + wy).

Endemic Equilibrium Point

The endemic equilibrium represents a state in which Dengue fever persists continuously within the human population
over time.

At endemic equilibrium point Sy # 0,Ey # 0,1y #0,Ty #0,Vy #0,Ry #0,S, # 0,1, #0.

We obtain the following endemic equilibrium points:

S** _ AHG2G3G4G5Gg
H ((~AH—G1)G5+0102)G3G4G6Go +awpOGsAy’
EY = AHG3G4GsGeAH
H ((~AH—=G1)G5+0102)G364G6Go+awpOGsAy’
I** _ aAgGaGsGgAy
H ™ ((~AH=G1)Gs+0102)G3G4GeGr +awpGs Ay’
*x aAgGsGegAyb
T, = — HGsGeAH : (24)
((—A;—1—G1)Gs+0’10’2)63G4GGG2+(prgGslH
Ve = NHG2G3G4Ge02
H ((—AH—Gl)Gs+0'10'2)G3G4.G662+(prgGslH’
R** _ Oy GsAgwa
H = AwPOGsAg—G1G2G3G4G5Ge—G2G3G4GsGoA+G2G3G4Ge01 0,
(aw9G51H+a9G5GGAH+aG4G5GGAH+GngG4GSGﬁ>
S** _ v +G2G3G4Gg02+G3G4G5GeAy
V 7 awbGs5G;Ag+a0GsGeGrAg+aGaGsGeGrAg+PByaGaGsGely’
+G2G3G4G5G6G7+G2G3G4G6G702+G3G4G5G6G7 Ay
I** _ G4Gs5GgfyAgary
Vv = (awGGsG7/1H+aGGsG667/1H+aG4GsG667AH+ByaG4GsGslH>'
8 +G2G3G4G5G6G7+G2G3G4G6G702+G3G4G5G6G7 Ay
. . . . . bBy! Pyviy
Substituting into the force of infections: 1, = N—Vand Ay = 1:}'—
H H
We have:
P11%1+P2/12+P3:0.
Where

a?w?0%G5*G,Gg + 20 w0?%G5*GeG7Gg + 20 wHG,G52 GGGy
+a2w0G,Gs*GeGgPy + a?0%Gs* G G,Gg + 2020G,G52 G4 G, Gy

Py = | +a?0G,Gs*G*Gefy + a?G,>GsG*G,Gg + a6, Gs* Gy > G Py ,
+2a6G36,%G52G%G,Ggdy® + 2aw0G36G,G52 GGGy
+2a0G3G,G52G*G,Gg + aG3G,2Gs* G Ggfy + G3° G4 Gs* GG, Gy
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ZawGGZG3G4GSZG6G7GB/1H + 20w0G,G36G,G5GG,GgAy 0,

+2a0G,G3G,G5*G*G,GgMy + 2a0G,G36,G5G4*G,GgAy 0,

+2a0G36,G52G%GrGgdy® + 20G,G3G,° G52 G* GGy

+aG,G3G,2Gs* G GoPyry + 2aG,G3G,> GG G, GgMy 0,
\+aGZG3G4ZGSGGZGSBV/1HJZ +26,G5°G,* G526 G, G Ay /

+2G,63%6,*G5G%G,Gghy0,
Py = G1G,(1 = (RP)H). (25)
The endemic equilibrium points are obtained from solving for AZ in the polynomial, and substituting the positive values of
/1’{,* into the expression /1: , Furthermore, it follows that the coefficient is always positive , and is positive (negative ) if Rg
is less (greater) than one.

P2:

Fractional order model humerical results

To solve the fractional-order Dengue fever model numerically, we used the generalized fractional Adams-Bashforth-
Moulton method developed by Amos et al. (2024). The parameter values we used in the simulation are listed in Table 2,
which also shows the different fractional-order values(9) we tested.

Implementation of fractional Adams-Bashforth—-Moulton method

The method described by Jalija et al. (2026) has been applied in this study. Using the fractional Adams-Bashforth-Moulton
method, we derived an approximate solution for the fractional Dengue fever model presented in equation (6). The
fractional model (6) is now “DH(t) = Q(t,q(t)),0 < t <9, (26)
H™(0) = H™,n =1,0,...,q,q = [«].

Where H = (Sy, Ep, I, T, Vi, Rz Sy, I, ) € RE and W (¢, q(¢)) is a real valued function that is continuous. Eg. (27) can be
therefore be represented using the concept of fractional integral as follows;

Mttt 1t ¥v-1
H(t) = BRsd HyV 1+ 755 o (=) R(k,m (k) dk (27)
Using the method described by Amos et al.(2024), we let the step size g = %,N € N with a grid that is uniform on [0, 9].
Where t. = cr,c = 0,1,1,... N. Therefore, and the fractional order model of Dengue fever model presented in (6) can be
approximated as:
Stk+1)(€) = Spo + r(19+2) {AH + PRy + 0.V —

bBHlyy
Nty Shy — (op + #H)Syy}.

9 (bByl}
EH(k+1)(t) = Epo + r(§+2){ " VSH (a +HH)E;1[}

bﬁHIV

S = (02 + m)SE} + 7 Tho dy e+ 1Ay + pRuy + 03V, —

r(19+z) Zy ody, k+1 {bﬁmvy Sy — (@ + ,uH)EHy}

Yk ody k+ H{aEyy — (0 + 8 + w)luy),

l'(19+2) Ey=ody,k + 1{0lyy — (@ + 6 + )Ty}, (28)
Virern (8 = Vio + I'(19+2) roen (025 — (o1 + p)Viid + s r(19+2) Yy-0dy,k + 1{0,Syy — (01 + wi)Viry},

Ritgern(®) = Rio + r(ﬂ+2) roen (@Ti = (p + u)Ri} + I'(19+2) Yy-0dy, k + HwTyy — (0 + tr)Ruy ),

Syern(8) = Syo + r(ﬁ—iz){/\ BVIV SV VS]?} r(ﬂ+2) Yy—ody, k+1 {/\V ﬁVIHy Syy — vavy}

9 B m Bvl
Iyesy () = Iyo + r(g+2){ ;EH Sy — (5V + MV)I]?} Zy —ody, k+ 1{ Y HY SVy 6y + HV)IVy}

Tyes1y(®) = Iyo + ——{aEff — (0 + § + up)Iff} + ——

TH(k+1)(t) =Tyo + r(19+2)

r(19+2) r(19+2)

—— {0l — (w + ¢6 + uy)TH} +

r(19+2)

Where

She+)(®) = Spo + %Zﬁ:a [y {AH + pRyy + 01Vyy — %SHy — (0 + HH)SHy}ﬂ

Eg(k+1)(t) = Epo + %Z;ﬁ:o fy,k+1 {%Syy —(a+ :uH)EHy}:

Lies1y (@) = Iyo + %fo:o fyke1 {@Euy — (6 + 6 + )l ),

Thr1) @) = Tyo + %Zi:a fy et {elHy —(w+ @6+ #H)Tyy},

V:(kﬂ)(t) = Vho + %Zg‘;:o fy i+t {UZSHy — (o1 + #H)VHy}, (29)

1
R+ () = Ryo + @Zg‘;:o fy 1 {wTHy -(p+ .UH)RHy}r
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1 Byl
517/1(k+1)(t) = Syo + @Zﬁ:o fy et {AV - ‘;V_:ySVy - ﬂVSVy}'

ey (®) = Iyo + 7 Tho fyevn {62 Syy = (B + vy )
From (29) and (30) obtained:

Ay,xe1= K1 = (k = 9)(k+9)?,y = 0.

(k—y+2)*" 1+ (k-9 =2(k—y+ 1D, 1<y<k

9
and fyu = 5[k =y + Dk —=»)°]0<y <k

Importance of using the fractional Adam-Bashforth Moulton method in obtaining the numerical solutions of the
model
1. The fractional Adams-Bashforth-Moulton method requires only one extra function evaluation per step and retains
the high-order accuracy.
2. This method has error control and is widely used for integration in ODE solvers.
3. This method is a powerful tool for numerical solution of partial and fractional-order differential equations and has
wide applications in engineering, chemistry, medicine, etc.

Table 2: Table of parameter values used for Numerical Simulation

Parameters Values Sources

Ny 500 Garba et al. (2008)

Ny 10,000,000 Garba et al. (2008)

Uy 0.02041 Samir et al.(2013)

Uy 0.5 Samir etal.(2013)

By 0.5 Garba et al. (2008)

By 0.4 Garba et al. (2008)

p 0.1 Garba et al. (2008)

w 0.3254 Garba et al. (2008)

) 0.365 Samir et al.(2013)

oy 0.21 Assumed

a 0.3 Jalija et al.(2025)

6 0.5 Assumed

oy 0.03 Assumed

o, 0.5 Jalija et al.(2025)

[0) 0.5 Assumed
RESULTS AND DISCUSSION

Numerical simulation

35,
(8

& —e— 0,=0.1

Susceptible humans to Dengue fever
Exposed humans to Dengue fever

0 5 10 15 20 2 % 0 5 0 G 2 3 0
Time (in days) Time (in days)
Figure 2a: Simulation of the effect of g, on susceptible Figure 2b: Simulation of the effect of 0, on exposed human

human population population

173



Jalijaetal,,

Infected humans with Dengue fever

—e— 0’2:0.1

5 10

Figure 2c: Simulation of the effect of o, oninfected human

population

"
15 20 25 30

Time (in days)

Exposed Humans to Dengue fever

—6— =01
—B—6=03
—&— 6=05]]

6=0.7
—— 6=0.9

Time (in days)
Figure 2e: Simulation of the effect of 8 on exposed human
population

N W
2 (%) n
T -

Exposed Humans to Dengue fever

—— B,=0.1
—— B,=03

B,=0.5
—8—B,=07
—6—B,=09

Time (in days)

30

Humans infected with Dengue fever

Humans on Dengue fever treatment

7
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05
0

Humans ifected with Dengue fever

12

Time (in days)

Figure 2d: Simulation of the effect of o, on human
population on treatment

Time (in days)

Figure 2f: Simulation of the effect of 8 on infected human
population

10

15 20 25 30
Time (in days)

Figure 2g: Simulation of the effect of By on exposed Figure 2h: Simulation of the effect of B on infected human

human population

population
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Humans infected with Dengue fever

.
0 5 10 15 20 2% 30
Time (in days)

Figure 2i: Simulation of the effect of ¥ on infected human
population
Surface Plot of Rg against 6 and o,

05

0 oo
6 (Treatment Rate) Sy (Vaccination Rate)

Figure 2k: Surface plot showing the effect of g, and fon
R§

Figure 2a, shows how the vaccination rate g,affects the
number of people susceptible to Dengue fever. The higher
the vaccination rateo,, the faster the susceptible
population drops over time. Figure 2b shows the impacton
the exposed population. As the vaccination rate o,goes up,
the number of exposed individuals falls sharply as time
goes on. In Figure 2c, we observe a similar trend for
infected people. A higher vaccination rate o;leads to a
clear and significant decline in the infected population
over time. Figure 2d illustrates what happens to those
receiving treatment for Dengue. As vaccination coverage
0, increases, fewer people end up needing treatment, and
the treated population steadily decreases over time.
Figure 2e looks at how the treatment 6 rate influences the
number of people exposed to Dengue fever. As treatment
ratesf rise, the exposed population drops noticeably over
time. In Figure 2f, we turn to the infected population. The
pattern is similar: with higher treatment ratesf, the
number of infected individuals falls significantly as time

JOSRAR 3(3) MAY-JUN 2026 164-178

—— §=01

Exposed Humans to Dengue fever

0 :3 16 WIE 2‘0 2I5 30
Time (in davs)
Figure 2j: Simulation of the effect of J on exposed human
population
Contour Plot of RE] againsto and o,

i '

01 02 03 04
6 (Treatment Rate)

Figure 2l: Contour plot showing the effect of g, and fon
R§

05 06 07 08 09

goes on. Figure 2g explores the role of the contact rate Sy.
Unsurprisingly, when contact rates By increase, the
exposed population grows substantially over time. Figure
2h shows the effect on infected individuals. As the contact
rate Sy goes up, the infected population also rises sharply
over the course of the simulation. Figure (2i) looks at how
the fractional order Yaffects the number of people
exposed to Dengue fever. As the fractional order
dincreases, the exposed population grows significantly
over time. Similarly, Figure (2j) shows the impact on
infected individuals. When the fractional order 9goes up,
the infected population also rises sharply as time
progresses. Figure (2k), illustrates the shape of the
relationship between 8 and o, on RY. The curve shows that
the maximum value reached is 0.8, and the key parameter
remains below one (1). This suggests that even if we push
6 and ag,further, they probably won't cause a major spike in
Dengue infections. Finally, (2l) reveals something more
encouraging: when 6 and oyincrease, the basic
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reproduction number RS drops below one much earlier.
This means that boosting 8 and g,can eventually help
reduce the overall impact of Dengue fever on the human
population.

CONCLUSION

Finally, the fractional order mathematical model obtained
in this study has given a better understanding of
transmission dynamics and control mechanisms of
Dengue fever in a susceptible population. By introducing
the FD, the model provides a more realistic description of
the disease dynamics since it reflects memory effects and
the hereditary nature of the disease transmission process.
The analytical and numerical studies showed that disease
control and possible elimination are improved when
effective vaccination and treatment policies reduce the
basic reproduction number to less than unity. The study
also confirmed that the enhanced effective contact rates
between susceptible and infected vectors play significant
roles in the persistence and fast propagation of Dengue
fever in the population. The humerical simulation showed
that reducing vector-human interactions, making
treatment accessible, and increasing vaccination
coverage are essential to reduce the prevalence and
mortality due to Dengue infection. Furthermore, the
numerical simulation results verified that the proposed
model is stable and reliable for different fractional-order
operators, suggesting that fractional calculus is a useful
tool for handling complex epidemiological systems. The
findings further highlight the need for both pharmaceutical
and non-pharmaceutical interventions, such as vector
control, environmental sanitation, public health
awareness campaigns, early diagnosis, and prompt
medical treatment, as crucial tools in the fight against
Dengue fever outbreaks. Hence, for a successful control
and eventual elimination of Dengue fever, particularly in

endemic areas, continuous endeavours by the
government and public health agencies towards
immunization programmes, effective vector control

measures, development of an improved health delivery
system, and the continuous creation of public awareness
are highly recommended. Finally, the developed model
can provide a useful mathematical framework for future
studies on Dengue fever and other vector-borne infectious
diseases based on fractional order models.
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