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A B S T R A C T  
Fuzzy Cognitive Maps (FCMs) are an important and versatile tool for 
modeling systems with complex dynamics in various domains like 
medicine, engineering, environmental monitoring, financial 
systems, among others to aid in decision-making. These domains 
usually datasets with large number of nodes and connections 
leading to large-scale maps. This paper reviews learning algorithms 
for FCMs under Hebbian, Population-based and hybrid 
classifications. While Hebbian-based algorithms suffer from local 
optima and generalization issues, population-based algorithms are 
generally computationally prohibitive from large-scale exploration, 
which also affects the global search component of hybrid 
algorithms. A number of algorithms have been developed 
specifically for large-scale FCMs by adopting problem 
decomposition, parallelization, sparsity inducement, and multi-
agent-based techniques. Considering the great potential of FCMs as 
a modeling tool in domains with large, complex systems, research on 
algorithms tailored to large-scale systems remain limited and needs 
to be explored further. 

 
INTRODUCTION 
The increasing complexity of data-driven environments 
has driven significant interest in robust modeling 
methodologies capable of capturing the dynamic behavior 
of intricate systems. Fuzzy Cognitive Maps represent a 
prominent knowledge-based methodology introduced to 
model complex systems through causal reasoning. Rooted 
in the cognitive maps originally proposed by political 
scientist Robert Axelrod in the 1970s to represent social 
scientific knowledge, Fuzzy Cognitive Maps (FCMs) were 
formalized by Kosko in 1986 by integrating fuzzy logic to 
accommodate degrees of causality between hazy 
concepts. Since their inception, these FCMs have been 
successfully applied across diverse scientific domains. 
Applications range from medical diagnosis and 
radiotherapy treatment planning (Amirkhani et al., 2018; 
Farahani et al., 2025), to industrial process control 
(Salmeron & Papageorgiou, 2014), pattern classification 

(Nápoles et al., 2018), engineering (Mazzuto et al., 2023), 
agriculture (Kokhan et al., 2026) and socio-economic 
forecasting (Obiedat & Samarasinghe, 2022). 
Despite their widespread applicability, traditional Fuzzy 
Cognitive Maps face critical challenges that limit their 
utility in large-scale deployments. The main challenge lies 
in their heavy reliance on human experts for model 
construction. Human experts are inherently subjective and 
possess cognitive limitations that restrict their ability to 
manually define relationships for systems involving 
dozens or hundreds of interacting concepts (Nápoles et 
al., 2026). As the number of concepts and relations 
increases, the ability of a human to maintain consistency 
decreases. When experts attempt to model highly complex 
systems, the resulting cognitive maps often suffer from 
inaccuracies, conflicting opinions, and an inability to 
reliably converge to desired steady states (Barisic, 2025; 
Sarmiento et al., 2024). Researchers have thus sought 
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automated computational methods to generate these 
models directly from historical data. The purpose of this 
review is to systematically examine the learning algorithms 
developed to automate the calibration of Fuzzy Cognitive 
Maps, with a specific focus on advanced techniques 
designed to overcome the computational and structural 
challenges of large-scale networks. 
 
Theoretical Foundations of Fuzzy Cognitive Maps 
A Fuzzy Cognitive Map is a signed directed graph equipped 
with feedback mechanisms. The semantics behind a 
standard model can be defined by (𝐶,𝑊, 𝐴, 𝑓). The 
component 𝐶 = {𝐶1, 𝐶2, . . . , 𝐶𝑁} represents the family of N 
concepts (nodes) modeled after fuzzy sets, which depict 
the variables, states, or characteristics of the physical 
system under investigation (Felix et al., 2019). These nodes 
are interconnected by directed edges assigned with 
specific causal weights. The weight matrix W contains the 
causal weight 𝑤𝑖𝑗  assigned to each pair of concepts 
(𝐶𝑖, 𝐶𝑗). The value of 𝑤𝑖𝑗  takes a value within the interval [-
1, 1] denoting the strength and direction of the causal 
influence. A positive weight (𝑤𝑖𝑗 > 0) indicates a 
promoting effect where an increase in the cause concept 
leads to an increase in the effect concept, whereas a 
negative weight (𝑤𝑖𝑗 < 0) indicates an inhibiting effect. A 
weight of zero signifies the absence of a causal 
relationship between two given concepts (Dong et al., 
2023). 
The dynamic behavior of an FCM is governed by a recurrent 
mathematical inference process. During simulation, the 
system produces a state vector 𝐴(𝑡) =
[𝐴1(𝑡), 𝐴2(𝑡), . . . , 𝐴𝑁(𝑡)] at each discrete time step t which 
gathers the activation values of all concepts. The 
activation value of each concept 𝐴1(𝑡 + 1) is calculated by 
aggregating the weighted inputs from the previous time 
step (Papageorgiou, 2012).  
The standard inference rule (Eqn. 1), originally proposed by 
Kosko (1986), is mathematically expressed as: 

𝐴𝑖
(𝑡+1) = 𝑓 (∑ 𝑤𝑗𝑖 ∙ 𝐴𝑗

(𝑡)𝑁
𝑗=1 
𝑖≠𝑗

)   (1) 

However, a modified reasoning rule in Eqn. (2) by Stylios & 
Groumpos (2004) is frequently used to introduce memory 
into the system, thereby allowing concepts to take into 
account their own past activation value apart from the 
incoming influence from other concepts. This is 
represented by adding the previous state to the aggregated 
sum: 

𝐴𝑖
(𝑡+1) = 𝑓 (∑ 𝑤𝑗𝑖 ∙ 𝐴𝑗

(𝑡)𝑁
𝑗=1 
𝑖≠𝑗

+ 𝐴𝑖
(𝑡)
)   (2) 

The aggregated sum of these weighted inputs is passed 
through a non-linear transformation function 𝑓(∙) to 
squash the resulting value into a normalized range. The 
choice of activation function provides the model with its 
nonlinear capabilities and fundamentally affects 

convergence (Apostolopoulos et al., 2024; Nápoles et al., 
2023). The most widely used transfer functions include: 

1. Bivalent Function (Dickerson & Kosko, 1993; 
Tsadiras, 2008) 

This is a binary function (Eqn. 3) that restricts nodes to rigid 
active or inactive states. While it supports qualitative 
modelling it does not allow nuanced outputs. 

𝑓(𝑥) = {
0, 𝑥 ≤ 0
1, 𝑥 > 0

.     (3) 

2. Sigmoid Function(Dickerson & Kosko, 1993; Tsadiras, 
2008)  

It is a continuous function that squashes the output into 
the range [0, 1] and allows for a smooth transition between 
states which enhances the interpretability of causuality. 
The sigmoid function (Eqn. 4) is preferred for its high 
predictive capacity. 
𝑓(𝑥) =

1

1+𝑒−𝜆𝑥
 .      (4) 

Here, 𝜆 determines the steepness of the continuous 
function.  

3. Hyperbolic Tangent Function (Stylios & Groumpos, 
2000) 

This function (Eqn. 5) maps values into the [-1, 1] interval 
making it suitable for bipolar concepts. It offers finer 
granularity allowing concepts to represent negative 
activation states. 

𝑓(𝑥) = tanh(𝑥) =
𝑒𝜆𝑥−𝑒−𝜆𝑥

𝑒𝜆𝑥+𝑒−𝜆𝑥
.    (5) 

As the network iterates through this reasoning process, the 
system will eventually exhibit specific dynamic behaviors. 
It may converge to a stable fixed-point attractor, settle into 
a periodic limit cycle, or diverge into a chaotic attractor 
where state vectors fluctuate unpredictably (Edalatpanah, 
2024). Mathematical bounds on the weight matrix and the 
steepness parameter 𝜆 have been established to 
guarantee that the map acts as a contraction mapping, 
ensuring convergence to a unique fixed-point attractor. 
Stable convergence to a fixed point is generally required for 
reliable decision-making and pattern classification 
(Glykas, 2010). 
 
FCM Development Strategies 
The construction of a Fuzzy Cognitive Map entails defining 
the relevant concepts of a system and establishing the 
weighted causal relationships between them. Because 
systems vary drastically in data availability and 
complexity, researchers utilize three primary 
methodologies to develop these models: expert-driven, 
data-driven, and hybrid approaches. 
 
Expert-driven approach 
The expert-driven approach, also known as deductive 
modeling, relies entirely on human knowledge and domain 
expertise to construct the map. The development process 
typically follows three fundamental steps: identifying the 
key domain concepts, determining the causal 
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relationships among these concepts, and estimating the 
strengths of these causal relationships (Glykas, 2010). 
To gather this knowledge, researchers employ several 
elicitation techniques. These methods frequently involve 
open-ended probing interviews, collaborative group 
sessions, purposefully prepared questionnaires, or the 
documentary coding of written texts and historical 
archives. Because humans struggle to assign precise 
numerical values to causal strengths, experts usually 
describe the relationships using linguistic variables, such 
as "weak", "moderate", or "very strong". These linguistic 
terms are subsequently transformed into crisp numerical 
weights within the normalized interval of [-1, 1] through 
fuzzy logic defuzzification methods, such as the Center of 
Gravity approach (Malek, 2017). 
To increase the reliability of the model and mitigate 
individual ignorance, researchers often aggregate the 
knowledge of multiple experts. Individual maps are 
mathematically combined, frequently using weighted 
averages based on each expert's credibility score, which 
helps to cancel out conflicting opinions and produce a 
consensus model (Sarmiento et al., 2024). However, 
models developed through this approach remain highly 
susceptible to human subjectivity and cognitive biases. 
Furthermore, because the number of possible 
interconnections grows quadratically with the number of 
concepts, human experts find it exceptionally difficult to 
manually construct and accurately weight large-scale 
systems (Stach et al., 2010b). 
 
Data-driven approach (Inductive modeling) 
Data-driven methodologies were developed to overcome 
the subjective limitations and scalability issues of manual 
mapping. These fully automated methods rely entirely on 
historical observations, such as multivariate time series 
data, to generate the weight matrices without any human 
intervention (Stach, 2010). The primary advantage of data-
driven modeling is its independence from the application 
domain. By extracting knowledge directly from empirical 
data, these computational algorithms generate models 
that are free from human bias and assumptions (Stach et 
al., 2008). Data-driven approaches are broadly categorized 
into unsupervised Hebbian-based methods and 
population-based methods.  
 
Hybrid approaches 
Hybrid approaches combine the qualitative insights of 
expert knowledge with the quantitative power of data-
driven learning to enhance overall model accuracy and 
robustness. This methodology effectively fuses subjective 
human expertise with objective historical data patterns, 
creating a cooperative modeling environment (Giabbanelli 
& Nápoles, 2024). In a typical hybrid framework, the model 
construction occurs in two complementary stages. 
Domain experts might first define the initial network 

topology, identify specific input concepts, and establish 
the foundational causal weights based on physical system 
constraints. Once this expert-derived framework is 
established, a machine learning algorithm utilizes 
available historical data to compute the remaining 
unknown weights or to fine-tune the overall network 
(Nápoles et al., 2020).  
 
Learning algorithms for FCMs 
Learning algorithms are fundamentally designed to 
compute a weight matrix W that best mimics available 
historical data or desired system behaviors. Based on the 
underlying learning paradigm, these methods are 
classified into three primary groups: Hebbian-based 
algorithms, population-based algorithms, and hybrid 
algorithms. These algorithms address FCM limitations like 
undesired steady states or suboptimal weights, enhancing 
robustness and accuracy. (Papageorgiou, 2012).  
 
Classification of Learning Algorithms for Large-Scale 
FCMs 
Hebbian-Based Learning Algorithms 
Hebbian-based learning methods represent the earliest 
attempts to train fuzzy cognitive maps, drawing directly 
from artificial neural network principles (Felix et al., 2019). 
This learning paradigm translates the biological 
mechanism of synaptic plasticity into a framework for 
adjusting the strengths of causal relationships between 
nodes within a network. As unsupervised algorithms, they 
modify connection weights based on the simultaneous 
activation of connected concepts (Chen, 2015). When a 
concept node's activation consistently influences 
another, the weight of their connecting edge is 
strengthened proportionally. This process mirrors the 
neural reinforcement described in Hebbian theory but 
operates within the context of abstract systems. The 
weight adjustment rule (Eqn. 6)  is presented as: 
𝓌𝑖𝑗

𝑡+1 = 𝓌𝑖𝑗
𝑡 + 𝜂 ∙ 𝐴𝑖

(𝑡)
∙ 𝐴𝑗

(𝑡)    (6) 
 
Differential Hebbian Learning (DHL) 
The foundational Differential Hebbian Learning (DHL) 
algorithm by Dickerson & Kosko (1993) updates weights by 
correlating the changes in concept activations. The DHL 
weight update (Eqn. 7) is formalized as: 

𝑤𝑖𝑗
(𝑡+1) = {

𝑤𝑖𝑗
(𝑡) + 𝜂𝑡(𝛥𝐴𝑖

(𝑡)𝐴𝑗
(𝑡) − 𝑤𝑖𝑗

(𝑡)),     𝛥𝐴𝑖
(𝑡) ≠ 0

𝑤𝑖𝑗
(𝑡)                                             ,     𝛥𝐴𝑖

(𝑡) = 0 

      (7) 
Where: 
𝑤𝑖𝑗
(𝑡+1) is the updated weight between nodes i and j 𝑡 + 1 

Δ𝐴𝑖
(𝑡)
= 𝐴𝑖

(𝑡)
− 𝐴𝑖

(𝑡−1) is the temporal difference of the 
activation for node i 

𝜂𝑡 = 𝑜. 1 [1 −
𝑡

1.1𝑁
] is the time-varying learning rate, with N 

as the total number of iterations 
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While fast, DHL suffers from poor generalization and 
primarily considers local node correlations rather than the 
overall system error (Felix et al., 2019). 
 
Balanced Differential Algorithm (BDA) 
Huerga (2002) introduced an improved variant building on 
the foundation DHL. While DHL only considered 
correlations between two local nodes, BDA is able to take 
into account all the concept values that change at the 
same time when the weights are updated. Although its 
applications have been limited, it is an improvement over 
its predecessor. Its update rule is formalized by Eqn (8): 
𝑤𝑖𝑗
(𝑡+1) =

{
 
 

 
 𝑤𝑖𝑗

(𝑡) + 𝜂𝑡 [
Δ𝐴𝑖

(𝑡)
Δ𝐴𝑗

(𝑡)

∑ Δ𝐴𝑖
(𝑡)
Δ𝐴𝑗

(𝑡)𝑚
𝑘=1

− 𝑤𝑖𝑗
(𝑡)] ,     Δ𝐴𝑖

(𝑡)Δ𝐴𝑗
(𝑡) > 0

𝑤𝑖𝑗
(𝑡)  + 𝜂𝑡 [

−Δ𝐴𝑖
(𝑡)
Δ𝐴𝑗

(𝑡)

∑ Δ𝐴𝑖
(𝑡)
Δ𝐴𝑗

(𝑡)𝑚
𝑘=1

− 𝑤𝑖𝑗
(𝑡)] ,     Δ𝐴𝑖

(𝑡)Δ𝐴𝑗
(𝑡) < 0 

      (8) 
 
Active Hebbian Learning (AHL) 
Papageorgiou et al. (2004) designed AHL to refine the 
causal weights of FCMs by iteratively updating them based 
on the activation levels of concepts. AHL updates all 
weights excluding self-connections unlike previous 
algorithms that only update non-zero weights. Domain 
experts select a set of active desired concepts as well as 
the sequence of activation concepts. This however poses 
a challenge if the initial map structure or data sequence is 
suboptimal as can lead to inconsistent results.  The AHL 
update rule is seen in Eqn (9) where 𝛾(𝑡) is the weight decay 
term at iteration t, and 𝐴̌𝑗

(𝑡) is the value of the j-th activation 
at iteration t. 
𝑤𝑖𝑗
(𝑡+1)

= [1 − 𝛾(𝑡)] ∙ 𝑤𝑖𝑗
(𝑡)
+ 𝜂(𝑡) ∙ 𝐴𝑖

(𝑡)
∙ [𝐴𝑗

(𝑡)
− 𝑤𝑖𝑗

(𝑡)
∙ 𝐴̌𝑗

(𝑡)
]

      (9) 
 
Nonlinear Hebbian Learning (NHL) 
NHL algorithm applies Oja's rule to constrain weight 
growth which addresses the limitation of the original 
Hebbian learning of unbounded weight growth. NHL 
depends on experts’ initial determination of weights and 
concepts this initial structure is retained during the 
learning process, preserving its interpretability 
(Papageorgiou et al., 2003). A stopping criterion is defined 
based on constraints imposed on some or all of the 
concepts. During learning, weights are adjusted until the 
stopping criterion is satisfied. So far, it has been the most 
widely adapted and applied variant of Hebbian learning 
algorithms. The weight update formula (Eqn. 10) for NHL is 
given by: 
𝑤𝑗𝑖
(𝑡)
= 𝑤𝑗𝑖

(𝑡−1)
+ 𝜂𝑡𝐴𝑗(𝐴𝑖

(𝑡) − 𝐴𝑗𝑤𝑗𝑖
(𝑡−1))  (10) 

𝑤𝑗𝑖
(𝑘) is the updated weight from node j to node i at iteration 

k; 𝑤𝑗𝑖
(𝑘−1) is the weight from node j to node i from the 

previous iteration; 𝜂𝑘 is the learning rate at iteration k 
which controls the magnitude of weight updates; 𝐴𝑖

(𝑘) is the 
activation of the target node i at iteration k; 𝐴𝑗 is the 
activation of the source node j 
 
Data-Driven Nonlinear Hebbian Learning (DD-NHL)  
DD-NHL was developed as an improvement of NHL to 
replace expert-defined initial maps with random matrices 
relying entirely on historical sequence data (Stach et al., 
2008). Although the concept of using historical data makes 
it superior, Papakostas et al. (2012) discovered that it 
performed poorly in comparison with other Hebbian-
based algorithms for classification problems. 
 
Population-Based Learning Algorithms 
Population-based algorithms, also known as evolutionary 
methods, treat the learning process of FCMs as a global 
optimization problem. Real-Coded Genetic Algorithms 
(RCGA), Particle Swarm Optimization (PSO), and Ant 
Colony Optimization (ACO) are widely used examples. 
These algorithms eliminate the need for expert input by 
searching the solution space to minimize a specified cost 
function (or maximize a fitness function) that measures the 
error between simulated model outputs and historical 
training data (Felix et al., 2019). 
The optimization objective is typically formulated using a 
simulation error metric, such as the Mean Squared Error 
(MSE) or Mean Absolute Error (MAE). For a dataset with K 
response sequences containing T time points, the L1-norm 
error function is often defined as: 
𝐸 =

1

(𝐾−1)𝑁
∑𝐾𝑘=1 ∑𝑇−1𝑡=1 ∑ |𝐴𝑖

(𝑡)
− 𝐴̂𝑖

(𝑡)
|𝑁

𝑖=1  (11) 

where 𝐴𝑖
(𝑡) is the actual historical state and 𝐴̂𝑖

(𝑡) is the 
simulated response generated by the candidate weight 
matrix. The fitness function is then constructed to 
maximize performance, commonly written as  
𝐹𝑖𝑡𝑛𝑒𝑠𝑠 =

1

𝛼∙𝐸+1
     (12) 

where 𝛼 is a normalization constant (Poczęta et al., 2015). 
Evolutionary methods excel at producing highly accurate 
models that simulate complex dynamics. However, 
because the number of parameters to optimize (𝑁2) grows 
quadratically with the number of concepts, these standard 
algorithms suffer from extreme computational costs and 
scale poorly to larger networks 66. They also tend to 
generate overly dense networks that lack semantic 
interpretability (Nápoles et al., 2020; Wu & Liu, 2022). 
Stach et al. (2005) developed a variation of genetic 
algorithms where chromosomes are represented as 
vectors of real numbers rather than binary strings. Its 
length is determined by the number of variables in a given 
problem and it performs linear transformation on each 
variable of the solution to decode it to the desired interval. 
Their method exploited RCGA to find the FCM structure 
capable of mimicking a given input historical data. Based 
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on input data, it can use either one or multiple sets of 
concepts values over successive iterations.  
 
Hybrid Learning Algorithms 
Hybrid algorithms integrate the principles of Hebbian 
learning with population-based optimization to balance 
the strengths and weaknesses of both approaches. In 
these frameworks, a Hebbian-type method like NHL or DD-
NHL is first applied to rapidly establish a near-optimal 
initial weight matrix. This matrix is subsequently supplied 

to a global optimizer, such as Differential Evolution (DE) or 
a Genetic Algorithm, for fine-tuning. This cooperative 
strategy improves convergence speed and overall 
accuracy compared to using evolutionary methods in 
isolation, though it still inherits computational bottlenecks 
when applied to massive networks without structural 
modifications (Felix et al., 2019).  
A summary of the different categories of FCM learning 
algorithms is presented in Table 1.  

 
Table 1: Summary of FCM learning algorithms 

Algorithm Category Optimisation 
Mechanism 

Mathematical 
Objective 

Key Strength Primary Limitations 

Hebbian-based 
(DHL, BDA, AHL, 
NHL, DD-NHL)  

Local weight updates 
driven by correlation 
of concept 
activations 

Updates proportional 
to products of 
activations 

Fast execution; 
preserves causal 
interpretability and 
expert constraints. 

Prone to local optima; 
struggles with 
generalization and 
massive state spaces 

     

Population-based 
(PSO, ACO, RCGA) 

Global search 
heuristics driven by 
error minimization 
over populations 

Minimization of 
distance between 
simulated states and 
raw data 

Fully automated; 
highly accurate 
modeling of 
historical dynamics 

Computationally 
prohibitive for large 
maps; produces 
overly dense matrices 

     

Hybrid Sequential 
application of 
Hebbian initialization 
followed by global 
tuning 

Two-stage 
optimization 
minimizing local 
activation variance 
then global error 

High accuracy; 
avoids random 
initialization pitfalls 

Inherits scalability 
issues from the global 
search component 

 
Advanced Techniques for Learning Large-Scale FCMs 
As the dimensionality of a target system increases, 
standard evolutionary algorithms experience an 
exponential increase in computational complexity, 
rendering them incapable of efficiently learning maps with 
hundreds of concepts (Wu & Liu, 2022). Researchers have 
developed several advanced frameworks specifically 
tailored to mitigate these scalability barriers. These 
techniques can be categorized based on problem 
decomposition and parallelization, structured sparsity 
learning, and multi-agent systems. 
 
Problem Decomposition and Parallelization 
Techniques 
One of the most effective scalability strategies is problem 
decomposition. The foundational concept behind problem 
decomposition is that optimizing an entire dense weight 
matrix simultaneously is computationally inefficient. 
Instead of optimizing the entire N × N weight matrix 
simultaneously, algorithms separate the learning task into 
independent sub-problems (Liu et al., 2017). Because the 
activation value of a specific concept 𝐶𝑖  depends 
exclusively on the incoming weights from other concepts, 
the overall optimization can be decomposed into N 
distinct tasks. Each sub-problem focuses on learning 
solely the N × 1 incoming weight vector 𝑊𝑖  for a single node 

(Wu & Liu, 2016). One approach to decomposition involves 
dividing the input data. Stach et al. (2010a) developed a 
divide and conquer strategy that split available data into 
distinct subsets. Independent submodels are then learned 
from each data subset using RCGA, after which, the 
learned submodels are merged into a single FCM. To 
further accelerate execution, this process can be 
distributed across multiple processors using a master-
slave parallelization architecture (Stach et al., 2007). 
A more mathematically rigorous decomposition strategy 
involves separating the objective function based on the 
network structure. Because the activation value of a 
specific concept depends exclusively on the incoming 
weights from its connected neighbors, the learning of an N-
node FCM can be fully decomposed into N independent 
optimization tasks. Each sub-problem focuses strictly on 
estimating a single column of the weight matrix. This 
reduces the number of variables optimized in a single 
process from N2 to N, massively shrinking the search 
space. 
By isolating the learning process, algorithms such as the 
decomposed Multi-Agent Genetic Algorithm (dMAGA) 
dramatically reduce search space complexity. 
Furthermore, because these N sub-problems are 
mathematically independent, they can be distributed 
across multiple processors in a parallel computing 
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architecture. This parallelization yields near-linear 
speedups, establishing a reliable paradigm for modeling 
massive networks (Stach, 2010). 
 
Structured Sparsity Learning through Convex 
Optimization 
Real-world complex systems generally exhibit sparse 
connections, averaging around 40% density. On the other 
hand, traditional learning algorithms artificially generate 
overly dense weight matrices to minimize data fitting 
errors, severely degrading model interpretability. 
Advanced techniques address this by reformulating the 
learning process as a sparse signal reconstruction 
problem and integrating convex optimization methods like 
the Least Absolute Shrinkage and Selection Operator 
(Lasso) (Wu & Liu, 2017). 
In frameworks like LASSOFCM, an L1-norm regularization 
penalty is added directly to the objective function. The 
mathematical optimization (Eqn. 13) for a specific node's 
incoming weight vector 𝑊𝑖  is formulated as: 

𝑚𝑖𝑛𝑊𝑖
(
1

2𝑀
‖𝑌𝑖 − 𝛷𝑊𝑖||2

2 + 𝜆||𝑊𝑖||1)  (13) 
Here, Φ represents the matrix of historical concept states, 
𝑌𝑖  represents the inverse-transformed target states, ‖𝑌𝑖 −
Φ𝑊𝑖||2

2 is the least-squares data fitting error, and ||𝑊𝑖||1 is 
the sparsity-inducing L1 penalty. The regularization 
parameter 𝜆 controls the trade-off between accuracy and 
sparsity; 𝜆 increases, superfluous connections are forced 
to exactly zero (Wu & Liu, 2016). To further enhance 
robustness against noise, researchers have also 
introduced elastic penalties (combining L1 and L2 norms) 
and Total Variation (TV) regularizations. Because these 
advanced penalties introduce non-smoothness into the 
objective function, accelerated proximal gradient descent 
and Nesterov's smoothing techniques are utilized to solve 
the optimization efficiently (Ding & Luo, 2021; Petalas et 
al., 2009). 
 
Challenges and Future Directions for Large-Scale FCM 
Learning 
Despite recent methodological advancements, the 
application of computational learning to large-scale 
systems continues to face complex challenges. 
A primary limitation is that current state-of-the-art 
frameworks operate as batch learners. Algorithms like 
RCGA or LASSOFCM require the entirety of the historical 
dataset to be loaded into memory simultaneously to 
compute gradients and fitness evaluations. In big data 
environments characterized by real-time streaming data, 
batch processing is computationally prohibitive and fails 
to adapt to sudden systemic shifts (Wu et al., 2021). 
Establishing true online learning algorithms represents a 
critical future direction. Recent proposals utilizing Follow-
The-Regularized-Leader (FTRL) proximal algorithms 
demonstrate the potential of updating the weight matrix 

sequentially as individual data instances arrive, enabling 
real-time analysis of streaming environments. 
Furthermore, modeling complex systems frequently 
involves higher orders of uncertainty that traditional fuzzy 
sets cannot capture. There is a clear roadmap toward 
integrating advanced mathematical frameworks into large-
scale optimization. For instance, Intuitionistic Fuzzy 
Cognitive Maps (iFCMs) introduce hesitancy parameters to 
evaluate the credibility of data and expert rules 88, 89. 
Fuzzy Grey Cognitive Maps (FGCMs) replace crisp numeric 
points with interval-valued grey numbers to model 
environments characterized by highly incomplete data 
(Chen et al., 2021). Expanding scalable learning algorithms 
to naturally optimize these higher-order uncertainty 
parameters without exploding computational costs 
remains an active area of investigation. 
 
CONCLUSION 
Fuzzy Cognitive Maps are powerful cognitive modeling 
tools, yet their traditional reliance on human experts 
fundamentally restricts their application to small-scale 
problems. The evolution of inductive learning algorithms 
has provided a necessary bridge to automate model 
generation and eliminate subjective biases. While Hebbian 
methods offer execution speed and population-based 
methods offer high simulation accuracy, standard 
formulations lack the capacity to natively scale to large-
scale datasets. The introduction of advanced optimization 
techniques has attempted to address these limitations. 
Problem decomposition reduces the exponential search 
space by breaking matrix learning into independent 
vectors. Structured sparsity regularization guarantees that 
the generated models remain interpretable and robust 
against interference, while parallel computing 
architectures ensure execution times remain viable. 
Moving forward, the research trajectory must prioritize the 
development of online, real-time learning algorithms and 
the integration of higher-order uncertainty theories. By 
addressing these remaining computational and 
theoretical challenges, automated learning frameworks 
will solidify Fuzzy Cognitive Maps as highly scalable, 
transparent, and reliable tools for complex system 
modeling and critical decision support. 
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